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Abstract 

We study a nonlocal boundary value problem for anti-self-dual instan- 
tons on 4-manifolds with a space-time splitting of the boundary. The 
model case is R x Y, where Y is a compact oriented 3-manifold with 
boundary E. The restriction of the instanton to each time slice {t} x E is 
required to lie in a fixed (singular) Lagrangian submanifold of the moduli 
space of flat connections over E. We establish the basic regularity and 
compactness properties (assuming L p -bounds on the curvature for p > 2) 
as well as the Fredholm theory in a compact model case. The motivation 
for studying this boundary value problem lies in the construction of an 
instanton Floer homology for 3-manifolds with boundary. The present 
paper is part of a program proposed by Salamon for the proof of the 
Atiyah-Floer conjecture for homology-3-spheres. 



1 Introduction 

Let A be a manifold with boundary, let G be a compact Lie group, and con- 
sider a principal G- bundle P — > M. The natural boundary condition for the 
Yang-Mills equation <\* a Fa = on P is *Fa\ox = 0. For this boundary 
value problem there are regularity and compactness results, see for example 
[Ul, U2, Wl]. Every solution is gauge equivalent to a smooth solution, and 
Uhlenbeck compactness holds: Every sequence of solutions with L p -boundcd 
curvature (where 2p > dimX) is gauge equivalent to a sequence that contains 
a C°°-convergent subsequence. On an oriented 4-manifold, the anti-self-dual 
instantons, i.e. connections satisfying Fa + *Fa = 0, are special first order so- 
lutions of the Yang-Mills equation. An important application of Uhlcnbeck's 
theorem is the compactification of the moduli space of anti-self-dual instantons 
over a manifold without boundary leading to the Donaldson invariants of smooth 
4-manifolds [Dl] and to the instanton Floer homology groups of 3-manifolds [Fl]. 
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On a 4-manifold with boundary the boundary condition *Fa\ox = for 
anti-self-dual instantons implies that the curvature vanishes altogether at the 
boundary. This is an overdetermined boundary value problem comparable to 
Dirichlet boundary conditions for holomorphic maps. As in the latter case it 
is natural to consider weaker Lagrangian boundary conditions. The Cauchy- 
Riemann equation becomes elliptic when augmented with Lagrangian or more 
generally totally real boundary conditions. We consider a version of such La- 
grangian boundary conditions for anti-self-dual instantons on a 4-manifold with 
a space-time splitting of the boundary and prove that they suffice to obtain 
the analogue of the above mentioned regularity and compactness results for 
Yang-Mills connections. 

More precisely, we consider oriented 4-manifolds X such that each connected 
component of the boundary dX is diffeomorphic to S x E, where S is a 1- 
manifold and E is a closed Riemann surface. We shall study a boundary value 
problem associated to a gauge invariant Lagrangian submanifold C of the space 
of flat connections on E: The restriction of the anti-self-dual instanton to each 
time-slice of the boundary is required to belong to C. This boundary condition 
arises naturally from examining the Chern-Simons functional on a 3-manifold 
Y with boundary S. Namely the Langrangian boundary condition renders the 
Chern-Simons 1-form on the space of connections closed, see [S]. The resulting 
gradient flow equation leads to the boundary value problem studied in this 
paper (for the case X = M.xY). Our main results establish the basic regularity 
and compactness properties as well as the Fredholm theory, the latter for the 
compact model case X = S 1 x Y. 

Boundary value problems for Yang-Mills connections were already considered 
by Donaldson in [D2]. He studies the Hcrmitian Yang-Mills equation for con- 
nections induced by Hermitian metrics on holomorphic bundles over a compact 
Kahler manifold Z with boundary. Here the unique solubility of the Dirichlet 
problem (prescribing the metric over the boundary) leads to an identification 
between framed holomorphic bundles over Z (meaning a holomorphic bundle 
with a fixed trivialization over dZ) and Hcrmitian Yang-Mills connections over 
Z . In particular, when Z has complex dimension 1 and boundary dZ = S , this 
links loop groups to moduli spaces of flat connections over Z. This observation 
suggests an alternative approach to Atiyah's [Al] correspondence between holo- 
morphic curves in the loop group of a compact Lie group G and anti-self-dual 
instantons on G-bundles over the 4-sphere. The correspondence might be estab- 
lished via an adiabatic limit relating holomorphic spheres in the moduli space 
of flat connections over the disc to anti-self-dual instantons over the product 
(of sphere and disc). Our motivation for studying the present boundary value 
problem lies more in the direction of another such correspondence between holo- 
morphic curves in moduli spaces of flat connections and anti-self-dual instantons 
- the Atiyah-Floer conjecture for Heegard splittings of a homology-3-sphere. 

A Heegard splitting Y — Yo Us Y\ of a homology 3-sphcre Y into two handle- 
bodies Y and Y\ with common boundary S gives rise to two Floer homologies 
(i.e. generalized Morse homologies) as follows: Firstly, the moduli space Ms of 
gauge equivalence classes of flat connections on the trivial SU(2)-bundle over E 
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is a symplectic manifold (with singularities) and the moduli spaces L Yi of flat 
connections over £ that extend to Yi are Lagrangian submanifolds of Ms as ex- 
plained in [W2]. The symplectic Floer homology HFf mp (M s , L Yo , L Yl ) is now 
generated by the intersection points of the Lagrangian submanifolds, and the 
generalized connecting orbits (that define the boundary operator) are pseudo- 
holomorphic strips with boundary values in the two Lagrangian submanifolds. 
It was conjectured by Atiyah [A2] and Floer that this should be isomorphic to 
the instanton Floer homology HF'" st (Y) . For the latter, the critical points are 
the flat SU(2)-connections over Y. These are the actual critical points of the 
Chern-Simons functional, and the connecting orbits are given by its generalized 
flow lines, i.e. anti-self-dual instantons on R x Y. 

The program by Salamon [S] for the proof of this conjecture is to define the 
instanton Floer homology HF™ st (Y,L) for 3-manifolds with boundary dY = S 
using boundary conditions associated with a Lagrangian submanifold L C Ms. 
Then the conjectured isomorphism might be established in two steps via the 
intermediate HF^'QO, I] x E,iy x L Yl ). 

Fukaya was the first to suggest the use of Lagrangian boundary conditions 
in order to define a Floer homology for 3-manifolds Y with boundary, [Fu]. 
He studies a slightly different equation, involving a degeneration of the metric 
in the anti-self-duality equation, and uses SO(3)-bundles that are nontrivial 
over the boundary dY. Now there are interesting examples, where one has to 
work with the trivial bundle. For example, on a handlebody Y there exists 
no nontrivial G-bundle for connected G. So if one considers any 3-manifold Y 
with the Lagrangian submanifold C Y >, the space of flat connections on dY = 
dY' that extend over a handlebody Y', then one also deals with the trivial 
bundle. Consequently, if one wants to use Floer homology on 3-manifolds with 
boundary to prove the Atiyah-Floer conjecture, then it is crucial to extend this 
construction to the case of trivial SU(2)-bundles. There are two approaches 
that suggest themselves for such a generalization. One would be the attempt to 
extend Fukaya's construction to the case of trivial bundles, and another would 
be to follow the alternative construction outlined in [S]. The present paper 
follows the second route and sets up the basic analysis for this theory. We 
will only consider trivial G-bundlcs. However, our main theorems A, B, and 
C below generalize directly to nontrivial bundles - just the notation becomes 
more cumbersome. 

The main theorems are described below; they are proven in sections 2 and 3. 
The appendix reviews the regularity theory for the Neumann and Dirichlct 
problem in the weak formulation that will be needed throughout this paper. 
Here we moreover introduce a technical tool for extracting regularity results 
for single components of a 1-form from weak equations that are related to a 
combination of Neumann and Dirichlct problems. 
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The main results 



Throughout this paper, P is the trivial G- bundle over a 4-manifold X. So a 
connection on P is a 1-form A G (X, g) with values in the Lie algebra g. Its 
curvature is given by Fa = dA + | [A A A] . For more details on gauge theory 
and the notation used in this paper see [W2] or [Wl]. 

We consider the following class of Riemannian 4-manifolds. Here and through- 
out all Riemann surfaces are closed 2-dimensional manifolds. Moreover, unless 
otherwise mentioned, all manifolds are allowed to have a smooth boundary. 

Definition 1.1 A 4-manifold with a boundary space-time splitting is a 

pair (X, t) with the following properties: 

(i) X is an oriented 4-manifold which can be exhausted by a nested sequence 
of compact deformation retracts. 

(ii) t = (ji, . . . , t„) is an n-tuple of embeddings Tj : Si x £j — > X with disjoint 
images, where £j is a Riemann surface and Si is either an open interval 
in R or is equal to S 1 = M/Z. 

(Hi) The boundary dX is the union 

n 

dx={Jn{Si x e<). 

i=l 

Definition 1.2 Let {X, r) be a 4-manifold with a boundary space-time splitting. 
A Riemannian metric g on X is called compatible with r if for each i = 1, . . . n 
there exists a neighbourhood Hi C Si x [0, oo) of Si x {0} and an extension of r» 
to an embedding r* : x Ej — > X suc/i t/iat 

f* 5 = ds 2 + dt 2 + 5s , t . 

-ffere 5 s ^ t is a smooth family of metrics on Ej and we denote by s the coordinate 
on Si and by t the coordinate on [0, oo). 

We call a triple (X, r, g) with these properties a Riemannian 4-manifold 
with a boundary space-time splitting. 

Remark 1.3 In definition 1.2 the extended embeddings ft are uniquely deter- 
mined by the metric as follows. The restriction fi\ t =o = n to the boundary is 
prescribed, and the paths t \— > fi(s,t, z) are normal geodesies. 

Example 1.4 Let X := M x Y, where Y is a compact oriented 3-manifold 
with boundary dY — E, and let r : K x E — > X be the obvious inclusion. 
Given any two metrics g_ and g + on Y" there exists a metric g on X such that 
g = ds 2 + for s < — 1, g = ds 2 + g + for s > 1, and (X, r, 5) satisfies the 
conditions of definition 1.2. The metric g cannot necessarily be chosen in the 
form ds 2 + g s (one has to homotop the embeddings and the metrics). 
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Now let (X, r, g) be a Riemannian 4-manifold with a boundary space-time 
splitting and consider a trivial G-bundlc over X for a compact Lie group G. 
The Sobolev spaces of connections and gauge transformations are denoted by 

A k ' p {X) = W k *(X, T*X eg) g), 

g k 'P(x) = w k > p {x, G). 

Let p > 2, then for each i = 1, . . . , n the Banach space of connections A°' p (T,i) 
carries the symplectic form u(a,(3) = J E (a A (3). Note that the Hodge * 
operator for any metric on Ej is an w-compatible complex structure on *4°' p (Ej) 
since ** = —id and defines a positive definite inner product - the L 2 - 

mctric. We call a submanifold C C A a,p (T,i) Lagrangian if it is isotropic, i.e. 
lu\c = 0, and if T A C is maximal for all A 6 £ in the following sense: If a e 
■A ' P (E;) satisfies w(a,T A C) = {0}, then a e T A C. 

We fix an n-tuple C — (C\, . . . ,C n ) of Lagrangian submanifolds d C ^ ' p (Sj) 
that are contained in the space of flat connections and that are gauge invariant, 

£iC^(Ej) and u*Ci = d Vn G a lj, (E<). 
Here -A^ft^) is thc 

space of weakly flat L p -connections on E, as introduced 
in [W2]. It is shown in [W2, Lemma 4.2] that the assumptions on the Li imply 
that they are totally real with respect to the Hodge * operator for any metric 
on £j, i.e. for all A e £i one has the topological sum 

A°' p (Z t ) = T A £i © *T A C t . 

Now we consider the following boundary value problem for connections A e 

f *F A + F A = 0, 

\ t*A\ {s}x1: . e £i Vs e 5i, i = 1,. ..,n. 

Observe that the boundary condition is meaningful since for every neighbour- 
hood U x E of a boundary component one has the continuous embedding 
W^ P {U x E) C W^ p (U,L p (Y,)) ^ C°(W,i7(E)). Thc first nontrivial obser- 
vation is that every connection in Ci is gauge equivalent to a smooth connection 
on Ej and hence Ci PI ./4(E) is dense in Ci, as shown in |W2, Theorem 3.1]. 
Moreover, the Ci are modelled on L p -spaces, and every W^-connection on X 
satisfying the boundary condition in (1) can be locally approximated by smooth 
connections satisfying the same boundary condition, see [W2, Corollary 4.4, 4.5]. 

Note that the present boundary value problem is a first order equation with 
first order boundary conditions (flatness in each time-slice). Moreover, the 
boundary conditions contain some crucial nonlocal (i.e. Lagrangian) informa- 
tion. We moreover emphasize that while Ci is a smooth Banach submanifold of 
^°' p (Ej), the quotient Ci/G 1 ' p (T, i ) is not required to be a smooth submanifold 
of thc moduli space M Si := ^°f t (E i )/^ 1 ' p (E i ), which itself might be singular. 

1 The subscript loc indicates that the regularity only holds on all compact subsets of the 
noncompact domain of definition. 
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For example, Ci could be the set of flat connections on Sj that extend to 
flat connections over a handlcbody with boundary £j, as introduced in [W2, 
Lemma 4.6]. To overcome the difficulties arising from the singularities in the 
quotient, we work with the (smooth) quotient by the based gauge group. 

The following two theorems are the main regularity and compactness results 
for the solutions of (1) generalizing the regularity theorem and the Uhlcnbeck 
compactness for Yang-Mills connections on 4-manifolds without boundary. They 
will be proven in section 2. 

Theorem A (Regularity) 

Let p > 2. Then every solution A e A\£{X) of (1) is gauge equivalent to a 
smooth solution, i.e. there exists a gauge transformation u G Gf£.{X) such that 
u*A G A(X) is smooth. 

Theorem B (Compactness) 

Let p > 2 and let g v be a sequence of metrics compatible with t that uniformly 
converges with all derivatives on every compact set to a smooth metric. Sup- 
pose that A v G AocPO 

is a sequence of solutions of (1) with respect to the 
metrics g v such that for every compact subset K C X there is a uniform bound 
on the curvature \\Fa"\\lp(k)- Then there exists a subsequence (again denoted 
A v ') and a sequence of gauge transformations u v G Q^{X) such that u v * A v 
converges uniformly with all derivatives on every compact set to a smooth con- 
nection A G A{X). 

The difficulty of these results lies in the global nature of the boundary condi- 
tion. This makes it impossible to directly generalize the proof of the regularity 
and compactness theorems for Yang-Mills connections, where one chooses suit- 
able local gauges, obtains the higher regularity and estimates from an elliptic 
boundary value problem, and then patches the gauges together. With our global 
Lagrangian boundary condition one cannot obtain local regularity results. 

However, an approach by Salamon can be generalized to manifolds with 
boundary. Firstly, Uhlenbeck's weak compactness theorem yields a weakly 
W 7 !* '^-convergent subsequence. Its limit serves as reference connection with re- 
spect to which a further subsequence can be put into relative Coulomb gauge 
globally (on large compact sets). Then one has to establish elliptic estimates and 
regularity results for the given boundary value problem together with the rela- 
tive Coulomb gauge equations. The crucial point in this last step is to establish 
the higher regularity for the S-component of the connections in a neighbour- 
hood U x X of a boundary component. The global nature of the boundary 
condition forces us to deal with a Cauchy-Ricmann equation on IA with values 
in the Banach space A°' P (T,) and with Lagrangian boundary conditions. At this 
point we will make use of the regularity results in [W2] that are established in 
the general framework of a Cauchy-Ricmann equation for functions with values 
in a complex Banach space and with totally real boundary conditions. Some 
more general analytic tools for this approach will be taken from [Wl]. 
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The case 2 < p < 4, when H^'P-functions are not automatically continuous, 
poses some special difficulties in this last step. Firstly, in order to obtain reg- 
ularity results from the Cauchy-Riemann equation, one has to straighten out 
the Lagrangian submanifold by going to suitable coordinates. This requires a 
C°-convergence of the connections, which in case p > 4 is given by a standard 
Sobolev embedding. In case p > 2 one still obtains a special compact embedding 
W 1,P {U xE)^ C°(U, L P (T,)) that suits our purposes. Secondly, the straighten- 
ing of the Lagrangian introduces a nonlinearity in the Cauchy-Riemann equation 
that already poses some problems in case p > 4. In case p < 4 this forces us 
to deal with the Cauchy-Riemann equation with values in an L 2 -Hilbert space 
and then use some interpolation inequalities for Sobolev norms. 

For the definition of the standard instanton Floer homology it suffices to 
prove a compactness result like theorem B for p = oo. In our case however the 
bubbling analysis [W3] requires the compactness result for some p < 3. This is 
why we have taken some care to deal with this case. 

In order to define a Floer homology for 3-manifolds with boundary as out- 
lined in [S] one has to consider the moduli space of finite energy solutions of 
(1), writing C for the n-tuple of Lagrangian submanifolds 

M(C) := {A e Aoc W I A satisfics WW < °°}/e&(X). 

Theorem A implies that for every equivalence class [A] £ M(£) one can find a 
smooth representative A £ A(X). Theorem B is one step towards a compactness 
result for M{C): Every closed subset of M.(C) with a uniform L p -bound for the 
curvature is compact. In addition, theorem B allows the metric to vary, which 
is relevant for the metric-independence of the Floer homology. 

Our third main result is the Fredholm theory in section 3. It is a step 
towards proving that the moduli space M(C) of solutions of (1) is a manifold 
whose components have finite (but possibly different) dimensions. This also 
exemplifies our hope that the further analytical details of Floer theory will 
work out along the usual lines once the right analytic setup has been found in 
the proof of theorems A and B. 

In the context of Floer homology and in Floer-Donaldson theory it is im- 
portant to consider 4- manifolds with cylindrical ends. This requires an analysis 
of the asymptotic behaviour which will be carried out elsewhere. Here we shall 
restrict the discussion of the Fredholm theory to the compact case. The crucial 
point is the behaviour of the linearized operator near the boundary; in the in- 
terior we are dealing with the usual anti-self-duality equation. Hence it suffices 
to consider the following model case. Let Y be a compact oriented 3-manifold 
with boundary dY — E and suppose that (g s )ses 1 1S a smooth family of metrics 
on Y such that 

X = S 1 x Y, t : S 1 x E -> X, g = ds 2 + g s 

satisfy the assumptions of definition 1.2. Here the space-time splitting r of 
the boundary is the obvious inclusion r : S 1 x E <— > dX = S 1 x E, where 
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S = 1J" =1 Si might be a disjoint union of Ricmann surfaces Sj. An n-tuple of 
Lagrangian submanifolds £j C *4 0,p (I]i) as above then defines a gauge invariant 
Lagrangian submanifold C := L\ x . . . x C n of the symplectic Banach space 
^°'f(S) = .4 'P(£i) x ... x -4°< p (£ n ) such that C C ^(S). 

In order to linearize the boundary value problem (1) together with the local 
slice condition, fix a smooth connection A + $ds G AiS 1 x Y) such that A s := 
A(s)\ dY G C for alls G S 1 . Here $ G ^(S'xy.g), and A G ^(S^FJTgg) 
is an ^-family of 1-forms on Y (not a 1-form on X as previously). Now let E^ p 
be the space of S^-families of 1-forms a G W 1 ^^ 1 x Y,T*Y ® g) that satisfy 
the boundary conditions 

*a(s)\ dY = and a(s)\ dY € TU S £ for all s G S 1 . 

Then the linearized operator 

£>(A,$) : x W^S 1 x F,g) — ► L^S 1 x Y,T*Y ® g) x L^S 1 x Y,g) 

is given with V s = d s + [<&, •] by 

£>(A,$)(a,v) = (V s a: - d^ + *d yl a , V s </3-d^a). 

The second component of this operator is — d A+tI>ds (a + <^ds), and the first 
boundary condition is *(a + <pds)\gx — 0, corresponding to the choice of a local 
slice at A + <I>ds. In the first component of D{a,<s>) we have used the global 
space-time splitting of the metric on S 1 x Y to identify the self-dual 2-forms 
*7s~7sAds with families 7 S of 1-forms on Y. The vanishing of this component is 
equivalent to the linearization d\ + , ids (a + ipds) = of the anti-self-duality equa- 
tion. Furthermore, the boundary condition a(s)\dY G Ta 3 £ is the linearization 
of the Lagrangian boundary condition in the boundary value problem (1). 

Theorem C (Fredholm properties) 

Let Y be a compact oriented 3-manifold with boundary dY = £ and let S 1 x Y 
be equipped with a product metric ds 2 + g s that is compatible with r : S 1 x T, — > 
S 1 x Y. Let A + $ds G A^S 1 x Y) such that A(s)\ dY G C for all s G S 1 . Then 
the following holds for all p > 2. 

(i) D{a,<s>) « s Fredholm. 

(ii) There is a constant C such that for all a G E^ p and ip G W 1 ' P (S 1 x Y, g) 
\\(a,<p)\\ w i,p < C(\\D(_ At9) (a,tp)\\ LP + ||(a,<p)||L«>). 

(Hi) Let q > p* such that q ^ 2. Suppose that (3 G L g (S 1 x Y,T*Y ® g), 
C G L q (S 1 x y, g), and assume that there exists a constant C such that for 
all a G E 1 / and <p G W^iS 1 x Y,g) 

(D {A ^(a, V ),(f3,0) < C\\(a,<p)\\ L ,-. 

Then in fact (3 eW^^S 1 xY,T*Y(g>g) and ( eW^^S 1 xY,g) . 
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Here and throughout we use the notation i + -p- = 1 for the conjugate ex- 
ponent p* of p. The above inner product ( -, • ) is the pointwise inner product 
in T*Y eg) q x g. The reason for our assumption g ^ 2 in theorem C (iii) is 
a technical problem in dealing with the singularities of £/C? 1,p (X). We resolve 
these singularities by dividing only by the based gauge group. This leads to 
coordinates of L P (T,, T*E (g> q) in a Banach space that comprises based Sobolev 
spaces W*' p (£, g) of functions vanishing at a fixed-point z G E. So these coor- 
dinates that straighten out T£ along A\ s i xdY are wclldcfined only for p > 2. 
Now in order to prove the regularity claimed in theorem C (iii) we have to use 
such coordinates either for /3 or for the test 1-forms a, i.e. we have to assume 
that either q > 2 or q* > 2. This is completely sufficient for our purposes - 
concluding a higher regularity of elements of the cokcrncl. This will be done via 
an iteration of theorem C (iii) that can always be chosen such as to jump across 
q = 2. However, we believe that the use of different coordinates should permit 
to extend this result. 

Conjecture Theorem C (iii) continues to hold for q = 2. 

One indication for this conjecture is that the L 2 -estimate in theorem C (ii) 
is true (for W^'P-regular a and <p wftli p > 2), as will be shown in section 3. 
This L 2 -estimate can be proven by a much more elementary method than the 
general L p -regularity and -estimates. In fact, it was already stated in [S] as an 
indication for the wellposedness of the boundary value problem (1). 

Outlook 

We give a brief sketch of Salamon's program for the proof of the Atiyah-Floer 
conjecture (for more details see [S]) in order to point out the significance of this 
paper for the whole program. 

The first step of the program is to define the instanton Floer homology 
jjpmst ^y- f or a 3-manifold with boundary dY — £ and a Lagrangian sub- 
manifold L = C/Q 1 ^^) C Mj: in the moduli space of flat connections. The 
Floer complex will be generated by the gauge equivalence classes of irreducible 
flat connections A e A(Y) with Lagrangian boundary conditions A\z e C. 2 
For any two such connections A + , A~ one then has to study the moduli space 
of Floer connecting orbits, 

M(A~,A + ) = \Ae A(RxY) I I satisfies (1), lim A = A ± }/Q(R x Y). 

2 A connection A 6 A^{Y) is called irreducible if its isotropy subgroup of Q(Y) (the group 
of gauge transformations that leave A fixed) is discrete, i.e. dytlQO is injective. There should 
be no reducible flat connections with Lagrangian boundary conditions other than the gauge 
orbit of the trivial connection. This will be guaranteed by certain conditions on Y and L, for 
example this is the case when L = L Y ' for a handlebody Y' with dY' = 2 such that Y Pis Y' 
is a homology-3-sphere. 
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Theorem A shows that the boundary value problem (1) is wellposed. In particu- 
lar, the spaces of smooth connections and gauge transformations in the definition 
of the above moduli space can be replaced by suitable Sobolev completions. The 
next step in the construction of the Floer homology groups is the analysis of 
the asymptotic behaviour of the finite energy solutions of (1) on R x Y, which 
will be carried out elsewhere. Combining this with theorem C one obtains an 
appropriate Fredholm theory and proves that for a suitably generic perturba- 
tion the spaces M{A~~ , A + ) arc smooth manifolds. In the monotone case the 
connections in the fc-dimensional part M k (A~ , A + ) have a fixed energy. 

Theorem B is a major step towards a compactification of these moduli spaces 
M k (A~ , A + ). It proves their compactness under the assumption of an L p -bound 
on the curvature for p > 2, whereas the energy is only the L 2 -norm. So the key 
remaining analytic task is an analysis of the possible bubbling phenomena. This 
will be carried out in [W3] and draws upon the techniques developed in this 
paper. When this is understood, the construction of the Floer homology groups 
should be routine. In particular, for the metric independence note that one can 
interpolate between different metrics on Y as in example 1.4, and theorem B 
allows for the variation of metrics on X. So this paper sets up the basic analytic 
framework for the Floer theory of 3-manifolds with boundary. 

The further steps in the program for the proof of the Atiyah-Floer conjecture 
are to consider a Heegard splitting Y = Y Us Y\ of a homology 3-sphere, and 
identify HF^O, 1] x S, L Yo x L Yl ) with HF^F) and HF s / mp (M s , L Yo , L Yl ) 
respectively. In both cases, the Floer complexes can be identified by elementary 
arguments, so the main task is to identify the connecting orbits. 

In the case of the two instanton Floer homologies, the idea is to choose an 
embedding (0,1) x E Y starting from a tubular neighbourhood of E C Y 
at t = | and shrinking {t} x E to the 1-skelcton of Y t for t = 0,1. Then 
the anti-self-dual instantons onMx7 pull back to anti-self-dual instantons on 
R x [0, 1] x E with a degenerate metric for t = and t = 1. On the other hand, 
one can consider anti-self-dual instantons on R x [e, 1 — e] x E with boundary 
values in C Yo and C Yl . As e — ► 0, one should be able to pass from this genuine 
boundary value problem to solutions on the closed manifold Y. This is a limit 
process for the boundary value problem studied in this paper. 

The identification of the instanton and symplectic Floer homologies requires 
an adaptation of the adiabatic limit argument in [DS] to boundary value prob- 
lems for anti-self-dual instantons and pseudoholomorphic curves respectively 
Here one again deals with the boundary value problem (1) studied in this paper. 
As the metric on E converges to zero, the solutions, i.e. anti-self-dual instantons 
on R x [0,1] x E with Lagrangian boundary conditions in C Yg ,C Yl should be 
in one-to-one correspondence with connections on R x [0, 1] x E that descend 
to pseudoholomorphic strips in with boundary values in L Yo and L Yl . The 
basic elliptic properties of the boundary value problem (1) that are established 
in this paper will also play an important role in this adiabatic limit analysis. 

I would like to thank Dietmar Salamon for his constant help and encourage- 
ment in pursueing this project. 
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2 Regularity and compactness 



Let (A, t) be a 4-manifold with boundary space-time splitting. This means that 
A is oriented and 

X = (J X k , 

keN 

where all Xk are compact submanifolds and deformation retracts of X such 
that Xk C int Xk+i for all k G N. Here the interior of a submanifold X' C X is 
to be understood with respect to the relative topology, i.e. we define int X' = 
A\cl(A\ A'). Moreover, 

n 

dx= \Jn{Si x so, 

i=i 

where each Ej is a Riemann surface, each Si is either an open interval in R 
or is equal to S 1 = R/Z, and the embcddings tj : <Sj x E, — > X have disjoint 
images. We then consider the trivial G-bundle over X, where G is a compact 
Lie group with Lie algebra g. For i = 1, . . . , n let d C .4 0,p (Ei) be a Lagrangian 
submanifold and suppose that 

d C -4fl£(£i) and Q^WCi C A- 

Furthermore, let X be equipped with a metric g that is compatible with the 
space-time splitting t. This means that for each i = 1, . . . ,n the map «Sj x 
[0, oo ) x E, —> X, (s, t, z) i ► 7( s .z) (t) given by the normal geodesies 7( SjZ ) starting 
at 7(s.z)(0) = Ti(s,z) restricts to an embedding f, : x E, X for some 
neighbourhood C Si x [0, oo) of <Sj x {0}. Now consider the boundary value 
problem (1) for connections A G A^(X), restated below. 

f *Fa + F A = 0, 

\ t*A\ {s}xI ;. G d Vse<Si, i = l,...,n. lJ 

The anti-self-duality equation is welldefincd for A G ^4^(X) with any p > 1, but 
in order to be able to state the boundary condition correctly we have to assume 
p > 2. Then the trace theorem for Sobolev spaces (e.g. [Ad, Theorem 6.2]) 
ensures that T*A\{ s y xSz G A°' p (T,i) for all s G Si. 

The aim of this section is to prove the regularity theorem A and the com- 
pactness theorem B for this boundary value problem. Both theorems are dealing 
with the noncompact base manifold X. However, we shall use an extension argu- 
ment by Donaldson and Kronheimer [DK, Lemma 4.4.5] to reduce the problem 
to compact base manifolds. For the following special version of this argument 
a detailed proof can be found in [Wl, Propositions 8.6,10.8]. At this point, 
the assumption that the exhausting compact submanifolds Xk are deformation 
retracts of X comes in crucially. It ensures that every gauge transformation on 
Xk can be extended to X, which is a central point in the argument of Donaldson 
and Kronheimer that proves the following proposition. 
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Proposition 2.1 Let the 4-manifold M = lJ fcgN Mk be exhausted by compact 
submanifolds Mk C intMfe + i that are deformation retracts of M , and let p > 2. 

(i) Let A G A\f c {M) and suppose that for each k G N there exists a gauge 
transformation Uk G Q 2 ' p {Mk) such that u* k A\M k is smooth. Then there 
exists a gauge transformation u G Q^ P (M) such that u* A is smooth. 

(ii) Let a sequence of connections {A v ) ve ^ C A\£.{M) be given and suppose 
that the following holds: 

For every k G N and every subsequence of (A v ) v ^ there exist a further 
subsequence (vk,i)ief$ and gauge transformations u k ' 1 € Q 2 ' p {Mk) such that 

sup||^M^||^ p(Mfc) <oo WeN. 

Then there exists a subsequence (vi)ien and a sequence of gauge transfor- 
mations u l G Q^ P {M) such that 

sup Hu* *A V > \\ we , p(Mk) < oo Vk G NJ G N. 

So in order to prove theorem A it suffices to find smoothing gauge trans- 
formations on the compact submanifolds Xk in view of proposition 2.1 (i). For 
that purpose we shall use the so-called local slice theorem. The following ver- 
sion is proven e.g. in [Wl, Theorem 9.1]. Note that we are dealing with trivial 
bundles, so we will be using the product connection as reference connection in 
the definition of the Sobolev norms of connections. 

Proposition 2.2 (Local Slice Theorem) 

Let M be a compact A-manifold, let p > 2, and let q > 4 be such that - > - — \ 

(or q = oo in case p > 4). Fix A G A 1,P {M) and let a constant c > be given. 
Then there exist constants e > and C CG such that the following holds. For 
every A G A 1,P (M) with 

\\A-A\\ q <e and \\A - A\\ w i, P < c 

there exists a gauge transformation u G Q 2,P {M) such that 

f d* A (u*A-A) = 0, h*A-A\\ q <C 00 ||A-i||„ 

< . and 

[*(u*A-A)\ dM = 0, \\u*A- A\\ w i, P < C C g\\A- A\\ w i, p . 

Remark 2.3 

(i) If the boundary value problem in proposition 2.2 is satisfied one says that 
u*A is in Coulomb gauge relative to A. This is equivalent to v* A being in 
Coulomb gauge relative to A for v — u^ 1 , i.e. the boundary value problem 
can be replaced by 

d* A (v*A - A) = 0, 
*(v*A-A)\ dM = 0. 
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(ii) The assumptions in proposition 2.2 on p and q guarantee that one has a 
compact Sobolev embedding 

W lj, (M) ^ L q (M). 

(iii) One can find uniform constants for varying metrics in the following sense. 
Fix a metric g on M. Then there exist constants e,6 > 0, and Cqg 
such that the assertion of proposition 2.2 holds for all metrics g' with 

\\g-g'\y<s- 

In the following we shall briefly outline the proof of theorem A. Given a 
solution A 6 Aoc(^0 °f (2) onc nxcs G N and proves the assumption of 
proposition 2.1 (i) as follows. One finds some sufficiently large compact sub- 
manifold M C X with Xk C M. Then one chooses a smooth connection 
Aq E A(M) sufficiently W 1,p -c\ose to A and applies the local slice theorem with 
the reference connection A = A to find a gauge tranformation that puts A into 
relative Coulomb gauge with respect to A. This is equivalent to finding a gauge 
transformation that puts A into relative Coulomb gauge with respect to Aq. We 
denote this gauge transformed connection again by A G A 1,P {M). It satisfies 
the following boundary value problem: 

' d% > (A-A o ) = 0, 
*F A + F A = 0, 
*{A- A Q )\ dM = 0, 

r*A\ {s}xl2 . e Li VseSi,i = l,...,n 

More precisely, the Lagrangian boundary condition only holds for those s G Si 
and i G {l,...n} for which Ti({s} x Sj) is entirely contained in dM. If M 
was chosen large enough, then the regularity theorem 2.6 below will assert the 
smoothness of A on Xk ■ 

The proof outline of the proof of theorem A goes along similar lines. We 
will use proposition 2.1 (ii) to reduce the problem to compact base manifolds. 
On these, we shall use the following weak Uhlenbeck compactness theorem (see 
[Ul], [Wl, Theorem 8.1]) to find a subsequence of gauge equivalent connections 
that converges M /1 ' p -weakly 

Proposition 2.4 (Weak Uhlenbeck Compactness) 

Let M be a compact 4-manifold and let p > 2. Suppose that the sequence of 
connections A v G A 1,P (M) is such that \\Fa"\\ p is uniformly bounded. Then 
there exists a subsequence (again denoted (A^)^^) and a sequence u v G Q 2,P (M) 
of gauge transformations such that u v * A v weakly converges in A ' P (M). 

The limit Aq of the convergent subsequence then serves as reference connec- 
tion A in the local slice theorem, proposition 2.2, and this way one obtains a 
Vt^'P-bounded sequence of connections A v that solve the boundary value prob- 
lem (3). This makes crucial use of the compact Sobolev embedding W 1,p L q 
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(3) 



on compact 4- manifolds (with q from the local slice theorem). The estimates in 
the subsequent theorem 2.6 then provide the higher W k ' p -bowads on the con- 
nections that will imply the compactness. One difficulty in the proof of this 
regularity theorem is that due to the global nature of the boundary conditions 
one has to consider the E-components of the connections near the boundary 
as maps into the Banach space A°' P (E) that solve a Cauchy-Riemann equation 
with Lagrangian boundary conditions. In order to prove a regularity result for 
such maps one has to straighten out the Lagrangian submanifold by using co- 
ordinates in A°' P (E). (This is done in [W2].) Thus on domains WxEat the 
boundary a crucial assumption is that the S-components of the connections all 
lie in one such coordinate chart, that is one needs the connections to converge 
strongly in the L°°(U, L p (S))-norm. In the case p > 4 this is ensured by the 
compact embedding W 1,p L°° on U x E. To treat the case 2 < p < 4 we 
shall make use of the following special Sobolev embedding. The proof mainly 
uses techniques from [Ad]. 

Lemma 2.5 Let M,N be compact manifolds and let p > in = dimM and 
p > n — dim N. Then the following embedding is compact, 

W hp (M xN)^ L°°(M,L p (N)). 

Proof of lemma 2.5: 

Since M is compact it suffices to prove the embedding in (finitely many) coordi- 
nate charts. These can be chosen as either balls B 2 C K m in the interior or half 
balls D 2 = B 2 r\W n in the half space i m = {xe R m | x 1 > 0} at the boundary 
of M. We can choose both of radius 2 but cover M by balls and half balls of 
radius 1. So it suffices to consider a bounded set JC C W 1 ' P (B 2 x N) and prove 
that it restricts to a precompact set in L°°(B\, L P (N)), and similarly with the 
half balls. Here we use the Euclidean metric on M m , which is equivalent to the 
metric induced from M. 

For a bounded subset JC C W 1,P (D 2 x N) over the half ball define the subset 
JC' c W 1 ' P (B 2 x N) by extending all u G K to B 2 \ H m by u(xi,x 2 , ...,x m ):= 
u(—xi, x 2 , . . . , x m ) for xi < 0. The thus extended function is still IT^'P-regular 
with twice the norm of u. So JC' also is a bounded subset, and if this restricts to 
a precompact set in L° C (B 1 ,L P (N)), then also JC C L° a (D 1 ,L p (N)) is compact. 
Hence it suffices to consider the interior case of the full ball. 

The claimed embedding is continuos by the standard Sobolev estimates - 
check for example in [Ad] that the estimates generalize directly to functions 
with values in a Banach space. In fact, one obtains an embedding 

W 1 ' P (B 2 x N) c W 1 ' p (B 2 ,L p (N)) ^C°- x (B 2 ,L p (N)) 

into some Holder space with A = 1 — y > 0. One can also use this Sobolev 
estimate for W 1,P {N) with A' = 1 — - > combined with the inclusion L p L 1 
on B 2 to obtain a continuous embedding 

W 1 ' P (B 2 x N) c L p (B 2 ,W 1 ' p (N)) ^ L p (B 2 ,C a < x '(N)) c L 1 (B 2 ,C°' X ' (N)). 
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Now consider a bounded subset AC C W 1 ' P (B2 x N). The first embedding 
ensures that the functions u G AC, u : B 2 — > L P (N) are equicontinuous. For 
some constant C 

||«(a;)-«(y)|| L p (JV ) < C|a: - y| A Var, y G B 2 , u G AC. (4) 

The second embedding asserts that for some constant C" 



||«|lco.v (JV ) < C V«e AC. (5) 

In order to prove that AC C L co (Bi 7 L p (N)) is precompact we now fix any e > 
and show that AC can be covered by finitely many e-balls. 

Let J G C°°(M m , [0,oo)) be such that suppj C Si and J J = 1. Then 
J^(a;) := 5~ m J(x/S) arc mollifiers for 5 > with supp Js C Bg and J Jg = 1. 
Let 5 < 1, then J,5 * u\ Bl e C°° (B\, L p (N)) is welldefined. Moreover, choose 
(5 > sufficiently small such that for all u G AC 



|-^*«-«ILco (BliL p W) =^up 



J 5 (2/) (^-y)- U ( a; ))d m y 



Lp(N) 



< sup / J 5 (y)CM A d m y 



<CS X < \e. 

Now it suffices to prove the precompactness of K,$ :— {Js * u | u G AC}, then this 
set can be covered by ^e-balls around Js * Ui with Ui G AC for i = 1, . . . , I 3 and 
above estimate shows that AC is covered by the e-balls around the Ui. Indeed, 
for each u G AC one has \\Jg *u — Js * Ui\\Loo^B 1 ^LP(N)) < § f° r some i = 1, . . . ,/ 
and thus 

— itj|| < ||w - Js * u\\ + || Js * u - Js * Ui\\ + j| Jg * Ui - Ui\\ < e. 

The precompactness of JCs C L°°(Bi, L P (N)) will follow from the Arzela-Ascoli 
theorem (see e.g. [L, IX §4]). Firstly, the smoothencd functions Js * u are still 
equicontinuous on B\. For all u G AC and x,y G B\ use (4) to obtain 



\\(Jg *u)(x) - (Js *u)(y)\\ LP(N) < / Js(z) \\u(x - z) - u(y - z)\\ Lv{N) d m z 



< [ Js(z)C\x-y\ x d m z = C\x-y\ x . 

JBs 



Secondly, the L°°-norm of the smoothened functions is bounded by the i 1 -norm 
of the original ones, so for fixed 5 > one obtains a uniform bound from (5) : 

3 If a subset K C (X, d) of a metric space is precompact, then for fixed e > one firstly 
finds vi,...,vi € X such that for each x £ K one has d(x, Vi) < e for some Vi . For each V{ 
choose one such Xi € K, or simply drop Vi if this does not exist. Then K is covered by 2e-balls 
around the x,: For each x € K one has d(x, Xi) < d(x, vi) + d(vi,Xi) for some i = 1, . . . , I. 
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For all u G K, and x G B\ 

\\(J S * u){x)\\ c o A , (N) < J s (x - y) |Kt/)|| C o,v (JV) d m y 

Now the embedding C°< A (N) ^ L P (N) is a standard compact Sobolev embed- 
ding, so this shows that the subset {(Js *u)(x) | u G JC} C L P (N) is precompact 
for all a; G B x . Thus the Arzela-Ascoli theorem asserts that K. s C L°°{B U L P {N)) 
is compact, and this finishes the proof of the lemma. □ 

In the proof of theorem B, the weak Uhlenbeck compactness together with 
the local slice theorem and this lemma will put us in the position to apply the 
following crucial regularity theorem that also is the crucial point in the proof of 
theorem A. Here (X, r) is a 4-manifold with a boundary space-time splitting as 
described in definition 1.1 and in the beginning of this section. 

Theorem 2.6 For every compact subset K C X there exists a compact sub- 
manifold M C X such that K C M and the following holds for all p > 2. 

(i) Suppose that A G A 1 ' P {M) solves the boundary value problem (3). Then 
A\k G A{K) is smooth. 

(ii) Fix a metric go that is compatible with t and a smooth connection A G 
A(M) such that T*Ao|/ s \ X E i G for all s G <Sj and i = 1, . . . ,n. More- 
over, fix a compact neighbourhood V = U™=i^cm(^4 x ^i) of K D dX. 
(Here f ,i denotes the extension of n given by the geodesies of go.) Then 
for every given constant C\ there exist constants 5 > 0, 8k > 0, and Ck 
for all k > 2 such that the following holds: 

Fix k > 2 and let g be a metric that is compatible with r and satisfies 
\\d ~ 9o\\c k + 2 (M) < <5fc- Suppose that A G A 1 ' P {M) solves the boundary 
value problem (3) with respect to the metric g and satisfies 

\\A - Ao\\ w i,p( M ) < Ci 5 
ll^o.i _ ^o)|sJ|l~(w i ,^".p(e 1 )) < 8 Vi = 1, . . . ,ra. 
Then A\k G A{K) is smooth by (i) and 

\\A - Ao\\ W k, P ( K ) < Ck- 

We first give some preliminary results for the proof of theorem 2.6. The 
interior regularity as well as the regularity of the ^-components on a neigh- 
bourhood Ui x Si of a boundary component Si x Ej will be a consequence of 
the following regularity result for Yang-Mills connections. The proof is similar 
to that of lemma A. 2 and can be found in full detail in [Wl, Proposition 10.5]. 
Here M is a compact Riemannian manifold with boundary dM and outer unit 
normal v. One then deals with two different spaces of test functions, 

C?(M,q) := {0 G C°°(M, fl ) | 4>\ aM = 0}, 

C~(M, fl ) :={0GC°°(M, fl )|^| 9M =O}. 
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Proposition 2.7 Let(M,g) be a compact Riemannian A-manifold. Fix a smooth 
reference connection Aq G A{M). Let X G T(TM) be a smooth vector field that 
is either perpendicular to the boundary, i.e. X\qm = h-u for some h G C°°(dM), 
or is tangential, i.e. X\ dM G T(TdM). In the first case let T = C$°(M,q), in 
the latter case let T = C£°(M, g). Moreover, let N C dM be an open subset 
such that X vanishes in a neighbourhood of dM \JVcM. Let 1 < p < oo and 
k G N be such that either kp > 4 or k — 1 and 2 < p < 4. In the first case let 
q := p, in the latter case let q := Then there exists a constant C such that 

the following holds. 

Let A = A + a G A k ' p (M) be a connection. Suppose that it satisfies 

*a| aM =0 onNcdM, { ' 

and that for all 1- forms (3 — cf) ■ Lxg with <f> G T 

[F A ,d A f3) = 0. (7) 



/ 



I M 

Then a(X) G W k+1 ' q (M,Q) and 

< C (1 + \\a\\ wk , P + \\a\\ 3 wk , p ) . 

Moreover, the constant C can be chosen such that it depends continuously on 
the metric g and the vector field X with respect to the C k+1 -topology. 

Remark 2.8 In the case k = 1 and 2 < p < 4 the iteration of proposition 2.7 
also allows to obtain W 2 '^-regularity and -estimates from initial M /1,p -regularity 
and -estimates. 

Indeed, the Sobolev embedding W 2 ' q W 1 ^ holds with p' = since 
q < 4. Now as long as p' < 4 one can iterate the proposition and Sobolev 
embedding to obtain regularity and estimates in W 1,Pi with p = p and 

4ft 2p, 

Pi+i = = - A > dp t > pi. 

4 - qi 4 - pi 

Since 9 := j^— > 1 this sequence terminates after finitely many steps at some 
Pn > 4. Now in case pn > 4 the proposition even yields W 2 ' PN -regularity and 
-estimates. In case p^ = 4 one only uses W 1,PN for some smaller p' N > | in 

order to conclude M^ 2 ' Pjv + 1 -regularity and -estimates for p' N+l > 4. 

Similarly, in case k = 1 and p = 4 one only needs two steps to reach W 2,p ' 
for some p' > 4. 

The above proposition and remark can be used on all components of the con- 
nections in theorem 2.6 except for the S-components in small neighbourhoods 
WxEof boundary components 5xE. For the regularity of their higher deriva- 
tives in S-direction we shall use the following lemma. The crucial regularity of 
the derivatives in direction of U of the S-components will then follow from the 
general regularity theory for Cauchy-Riemann equations in [W2] . 
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Lemma 2.9 Let k G No and \ < p < oo. Let £1 be a compact manifold, let E 
6e a Riemann surface, and equip x E with a product metric gn © g, where 
9 = {gx)xen is a smooth family of metrics on E. Then there exists a constant 
C such that the following holds: 

Suppose that a G W k,p (fl x S, T*E) such that both d^a and d s a are of class 
W k ' p on £1 x E. Then Vs« also is of class W k ' p and one has the following 
estimate on £1 x E 

II V^a\\ W k, P < C[\\d^a\\ W k,p + ||d E a||jyfc,p + ||a||jyfc,p). 

Here V E denotes the family of Levi-Civita connections on E that is given by the 
family of metrics g. Moreover, for every fixed family of metrics g one finds aC k - 
neighbourhood of metrics for which this estimate holds with a uniform constant 
C. 

Proof of lemma 2.9: 

We first prove this for k = 0, i.e. suppose that a G L P (Q x E,T*S) and that 
d E a,d E a (defined as weak derivatives) are also of class LP . We introduce the 
following functions 

/ := d s a G L p (n x E), g := - * s d s a G L p (n x E), 

and choose sequences f v ,g v G C°°(Cl x E), and a v G C°°(fi x E, T*E) that 
converge to /, g, and a respectively in the L p -norm. Note that J n f = J Q g = 
in L P (E), so the /" and g v can be chosen such that their mean value over Q, 
also vanishes for all z G E. Then fix z G E and find C°°(fi x E) such 

that 

T(a;,z)=0 Viefi, |C' y (a;,z) = Vx G 0. 

These solutions are uniquely determined since A E : W| +2 ' P (E) — ► W^ P (E) is a 
bounded isomorphism for every j G No depending smoothly on the metric, i.e. 
on x G ft. Here W^ P (E) denotes the space of W J ' p -functions with mean value 
zero and W / | +2 ' P (E) consists of those functions that vanish at z G E. 

Furthermore, let tt x : fi 1 (E) — > /^(E,^) be the projection of the smooth 
1-forms to the harmonic part ft 1 (E) = ker A E = kerds (~l kerd s with respect to 
the metric g x on E. Then 7r is a family of bounded operators from L P (E,T*E) 
to W J '> P (E,T*E) for any j G No, and it depends smoothly on i e ft. So the 
harmonic part of a v is also smooth, 7r o <S' y G C°°(ft x E, T*E). Now consider 

a v := d E r + * s d s C + 7T o & v G C°°(ft x E, T*E). 

We will show that the sequence a" of 1-forms converges to a in the i p -norm and 
that moreover Vsa" is an L p -Cauchy sequence. For that purpose we will use 
the following estimate. For all 1-forms (3 G W /1 ' P (E, T*E) abbreviating d E = d 

WWw^m < C{\\d*/3\\ LPis) + ||d/3|| iP(E) + ||7r(/?)|| w i,p (E) ) 

< C(||d*/3|Up (E) + \\d(3\\ LPm + \W\\ LPm ). (8) 
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Here and in the following C denotes any finite constant that is uniform for 
all metrics g x on E in a family of metrics that lies in a sufficiently small C k - 
neighbourhood of a fixed family of metrics. To prove (8) we use the Hodge 
decomposition (3 = d£ + *d( + 7r(/3). (See e.g. [Wa, Theorem 6.8] and recall 
that one can identify 2-forms on E with functions via the Hodge * operator.) 
Here one chooses £, C G W^ p {Yi) such that they solve A£ = d* f3 and AC = *d/3 
respectively and concludes from proposition A.l for some uniform constant C 



\w 1 'P(Y.) < II£IIw 2 .p(£) < C||d*/3||l,P(E), 
||*dC||^i,P(E) < IICI|W2,P(E) < C\\df3\\ LP{S y 

The second step in (8) moreover uses the fact that the projection to the harmonic 
part is bounded as map tt : Z7(E,T*E) -> W l ' p {Y,, T*E). 

Now consider a - a" G L p (f2 x E,T*E). For almost all x G O we have 
a(x,-) - a" (a;,-) G L P (E,T*E) as well as *d E (a(av) - a" (a;,-)) G L P (E) and 
dj(a(x, •) — a"(x, •)) G L P (E). Then for these z 6 11 one concludes from the 
Hodge decomposition that in fact a(x, •) — a v (x, •) G W 1,P (T,, T*E). So we can 
apply (8) and integrate over x G O to obtain for all ^ G N 

ll a _ a "lll,P(fixE) 



ili>(S, 9x ) 



< / \\a(x, •) — a"(a;, •) 
Jn 

< C [ (||d* (a cO||£ P(E) + ||d E (a - a y )||I P(E) + ||7r(a - a")||^ liP(E) ) 



< c (\\f - rillp(nxE) + 11.9 - ^IIIp ( q xE) + ||a - a u \\ p LP{QxS) ). 

In the last step we again used the continuity of tt. This proves the convergence 
a" -> a in the L p -norm, and hence Veo" — ► Vja in the distributional sense. 
Next, we use (8) to estimate for all v G N 



I^SQ! ,/ ||ip( nxE ) — ; ||V2J^ V a-, )\\LP(T,,g x ) 



f ||V E ^(x,.)|| p LP( ^ fl 
J o 

(||d£ a HUp(S) + ||d S ^||LP(S) + ||^||LP(E)) P 

< G(l|d£^||^ (nxE) + ||d s al£ P(QxE) + ||^||I P(nxE) ). 



Here one deals with L p -convergent sequences dja 1 ' = = /" — ► / = d^a, 

— *d£a l/ = AsC' y = —> g = — *d^a, and a" — ► a. So (Vsa") 1/6 N is uniformly 
bounded in L P (Q x E) and hence contains a weakly i p -convergent subsequence. 
The limit is V^a since this already is the limit in the distributional sense. Thus 
we have proven the L p -regularity of V^a on CI x E, and moreover above estimate 
is preserved under the limit, which proves the lemma in the case k — 0, 

||Vsa||ipm xS ) < liminf llVE^IUpfQxs) 

< Iminf C(||dsQ! I/ ||i,P(n X E) + \\^a v \\ LP(nxTi) + H^Hlp^xe)) 

= C(l|d s a|Up(oxS) + ||dsQ!||i,P(nxE) + ||a||z,p(nxE))- 



19 



In the case fc > 1 one can now use the previous result to prove the lemma. Let 
a e W k ' p (il x E, T*E) and suppose that d s a, d^a are of class W k ' p . We denote 
by V the covariant derivative on ft x E. Then we have to show that V^V^a is 
of class LP . So let X\, . . . , Xk be smooth vector fields onSJxS and introduce 

a:= V Xl ...W x „a G L P (Q x E, T*E). 

Both dsa and dja are of class LP since 

d s a = [d E ,Vxi ••■Vxja + Vx 1 ...Vj t d E «, 
d^a = [d E , V Xl ■ • • Vx„]a + V Xl • • • V Xfc d£a. 

So the result for fc = implies that V^a is of class L p , hence V fc Vsa also is of 
class LP since for all smooth vector fields 

V Xl . . . V Xfc V s a = [V E , V Xl ■ ■ ■ Vxja + V s <5. 

With the same argument - using coordinate vector fields Xi and cutting them 
off - one obtains the estimate 

||V Vi;Q?||i,p(nxi:) < C(||V fc d| ; Q:|| i p( S - 2xE ) + ||V fc d s a|| £ p( 0xS) + ||a|| w fc .p(OxS)) • 
Now this proves the lemma, 

|V s a||w fc .p(OxS) < l|Vsa||w fc -i.p(^xS) + II V fc V s a||Lp(^xE) 

< C (\\d^a\\ W k, P (qxy;-) + ||d s a|| W f,,p( 0><s) + ||a||w*-p(fixE))- 

□ 

Proof of theorem 2.6 : 

Recall that a neighbourhood of the boundary dX is covered by embeddings 
fo.i :Ui x Ej <—* X such that Tq ^go = ds 2 + At 2 + go-, s ,t- (In the case (i) we 
put go := g.) Since K C X is compact one can cover it by a compact subset 
.Kint C intX and K bdy := U^i ^o,i{h,i x [0, S ] x Ej) for some <5 > and 
Lqj C Si that are either compact intervals in R or equal to 5 . Moreover, one 
can ensure that -Kbdy C int V lies in the interior of the fixed neighbourhood of 
K n dX. Since X is exhausted by the compact submanifolds Xk one then finds 
M := Xfe C X such that both -Kbdy and -Ki nt are contained in the interior of M 
(and thus also K C M). Now let A G A 1 ' P (M) be a solution of the boundary 
value problem (3) with respect to a metric g that is compatible with r. Then 
we will prove its regularity and the corresponding estimates in the interior case 
on K lnt and in the boundary case on -Kbdy separately. 

Interior case : 

Firstly, since K- mt C int M and K mt C int X = X \ dX we find a sequence of 
compact submanifolds Mk C int X such that K- mt C Mk+i C int Mk C M for 
all fc G N. We will prove inductively A| Mfc S „4 fc ' p (M fe ) for all fc G N and thus 
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>l|if int G A(Ki nt ) is smooth. Moreover, we inductively find constants Ck, 5k > 
such that the additional assumptions of (ii) in the theorem imply 

11-4 - A a \\ W k, P ( Mk ) < C k - (9) 

Here we use the fixed smooth metric go to define the Sobolev norms - for a 
sufficiently small C fc -neighbourhood of metrics, the Sobolev norms are equivalent 
with a uniform constant independent of the metric. Moreover, recall that the 
reference connection Aq is smooth. 

To start the induction we observe that this regularity and estimate are sat- 
isfied for k = 1 by assumption. For the induction step assume this regularity 
and estimate to hold for some k E N. Then we will use proposition 2.7 on 
A\M k 6 A k ' p (Mk) to deduce the regularity and estimate on M k +i- 

Every coordinate vector field on Mk+i can be extended to a vector field X 
on Mk that vanishes near the boundary dMk- So it suffices to consider such 
vector fields, i.e. use TV = in the proposition. Then a := A — A n satisfies the 
assumption (6). For the weak equation (7) we calculate for all (3 = <j> ■ ixg with 
<f>£T = C%°(M k ,s) 

- [ (F A ,d A (3) = [ (d A {<f>-i x g)AF A ) = [ (<f)-L X gAF A ) = 0. 

JM k JM k JdM k 

We have used Stokes' theorem while approximating A by smooth connections 
A, for which the Bianchi identity d A F^ = holds. Now proposition 2.7 and 
remark 2.8 imply that A|Af fc+1 € A k+1 ' p (Mk+i). In the case (ii) of the theorem 
the proposition moreover provides Sk+i > and a uniform constant C for all 
metrics g with \\g — go\\c k + 1 (M k ) < ^fc+i sucn that the following holds: If (9) 
holds for some constant Ck, then 

11-4 - A \\ W k+i, P ( Mk+1 ) < C (l + \\A - A \\ W k, P ( Mk ) + \\A - A)||^/fc,p( Mfc )) 
<C(1 + Ck + C 3 k ) =: C k+ i. 

Here we have used the fact that the Sobolev norm of a 1-form is equivalent 
to an expression in terms of the Sobolev norms of its components in the co- 
ordinate charts. In case k = 1 and p < 4, this uniform bound is not found 
directly but after finitely many iterations of proposition 2.7 that give estimates 
on manifolds Ni = Mi and M 2 C N i+1 C intA/j. In each step one chooses 
a smaller S 2 > and a bigger C 2 - This iteration uses the same Sobolev em- 
beddings as remark 2.8. This proves the induction step on the interior part K- mt - 

Boundary case : 

It remains to prove the regularity and estimates on -Kbdy near the boundary. So 
consider a single boundary component K' :— fo(io x [0, So] x £). We identify 
Io = S 1 = M/Z or shift the compact interval such that Io = [— r ,r ] and hence 
K' = f ([— r , 7"o ] x [0, S ] x E) for some ro > 0. Since -Kbdy (and thus also K') lies 
in the interior of M as well as V, one then finds Ro > ro and A > So such that 
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fo([—Ro, R-o] x [0, A ] x E) C M (1 V. Here fo is the embedding that brings the 
metric go into the standard form ds 2 +di 2 +<7o;s,t- A different metric g compatible 
with t defines a different embedding f such that f*g = ds 2 + dt 2 +g s j- However, 
if g is sufficiently C 1 -close to go, then the geodesies are C°-close and hence f is 
C°-closc to f . (These embeddings are fixed for t = 0, and for t > given by 
the normal geodesies.) Thus for a sufficiently small choice of S 2 > one finds 
R > r > and A > S > such that for all r-compatible metrics g in the #2-ball 
around go 

K' c f([—r, r] x [0, 8] x E) and f ([-A, i2] x [0, A] x E) c M n V. 

(In the case (i) this holds with r ,8 ,Ro, an d A for the fixed metric g = go-) 
We will prove the regularity and estimates for f * A on [— r, r] x [0, S] x E. This 
suffices because for C fe+2 -close metrics the embedding f will be C fc+1 -closc to 
the fixed fo, so that one obtains uniform constants in the estimates between the 
W fc ' p -norms of A and f*A. Furthermore, the families g Si t of metrics on E will 
be C fc -close to go-, s ,t for (s, t) e [-R, R] x [0, A] if 8k is chosen sufficiently small. 
Now choose compact submanifolds ilk C H := {(s, t) £ M 2 1 1 > 0} such that for 
all jfc e N 

\-r, r] x [0, 8} C fi fe+1 C int fi fe C [-i?, J?] x [0, A]. 

We will prove the theorem by establishing the regularity and estimates for f* A 
on the flk x E in Sobolev spaces of increasing differentiability. We distinguish 
the cases p > 4 and 4 > p > 2. In case p > 4 one uses the following induction. 

I) Let p > 2 cm<i suppose that A e _4 1,2p (M) solves (3). Then we will prove 
inductively that f*^4|o fc xS £ A k ' q {ilk x E) for all k G N and wit/i q = p or 
q = 2p according to whether k > 2 or fc = 1 . Moreover, we will find a constant 
8 > and constants Ck,8 k > /or all k > 2 such that the following holds: 
If in addition \\g — #o || c fe + 2 (M) < ^fc 

m - A || w i,2 P ( M ) < Ci, 
ll f o (A - -4o)|s||l~(w^ .p(s)) < 5, 

then for all k e N 

|| t* (-4 - 4o)|| 1V fc,,( S - 2fcXS ) < Cfe. 

This is sufficient to conclude the theorem in case p > 4 as follows. One 
uses I) with p replaced by \p to obtain regularity and estimates of A — Aq in 
A 1 ' p (fli x E), A 2 '%(n 2 x E), and A k ^ (Q k x £) for all fc > 3. Recall that the 
component if' of i^bdy is contained in each f(Clk x E). In addition, one has 
the Sobolev embeddings W k+1 '? W k ' p C fe_1 on the compact 4-manifolds 
0^+1 x E), c.f. [Ad, Theorem 5.4]. So this proves the regularity and estimates 
on K hdy . 
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In the case 4 > p > 2 a preliminary iteration is required in order to achieve 
the regularity and estimates that are assumed in I). In contrast to I) the itera- 
tion is in p instead of k. 

II) Let 4 > p > 2 and suppose that A G A 1 ' P (M) solves (3). Then we will prove 
inductively that f*A\n jX z G A 1,Pi (£lj x S) for a sequence (pj) with pi = p and 
Pj+i = 9{Pj) ■ Pj, where 9 : (2,4] — > (1, y|] is monotonely increasing and thus 
the sequence terminates with p^ > 4 for some N G N. 

Moreover, we will find constants S > and constants Cij,Sij > for 
j = 2, . . . , N such that the following holds: 

If for some j = 1, . . . , N in addition \\g — So||e 3 (M) < an d 

M - A)||w!.p(M) < Cl: 

\\Tq(A - A )| E || I ,oo( Wi ^0, P ( E )) < S, 

then 

\\f*(A-Ao)\\ w i, Pj{n . xJ:) <dj. 

Assuming I) and II) we first prove the theorem for the case 4 > p > 2. 
After finitely many steps the iteration of II) gives regularity and estimates in 
A 1,Pn (£In x S) with pat > 4 and under the assumption \\g — go||e 3 (M) < b~i,N on 
the metric. Now if necessary decrease pm slightly such that 2p>p^ > 4, then 
one still has A 1,PN -regularity and estimates on all components of ifbdy as well 
as on K{ nt (from the previous argument on the interior) . Thus the assumptions 
of I) are satisfied with p replaced by ^pn and C\ replaced by a combination 
of C\^m and a constant from the interior iteration (both of which only depend 
on C\). One just has to choose 62 < <5i,jv and choose the 6 > in I) smaller 
than the S > from II). Then the iteration in I) gives regularity and estimates 
of A — Aq in A k, ? PN (Slfc x S) for all k > 2. This proves the theorem in case 
2 < p < 4 due to the Sobolev embcddings W k+1 ^ PN ^ W k > p ^ C fe ~ 2 . So it 
remains to establish I) and II). 

Proof of I): 

The start of the induction k = 1 is true by assumption (after replacing C\ by a 
larger constant to make up for the effect of f*). For the induction step assume 
that the claimed regularity and estimates hold for some k G N and consider the 
following decomposition of the connection A and its curvature: 

f*A = <$>ds + Vdt + B, 
f* Fa =F b + (d B $ - d s B) A ds + (d B * - d t B) A dt (10) 
+ (&* - <9 4 $ + [$, *]) ds A dt. 

Here $, * G W fe '«(Q fe xS,«), and B G VK fc <«(ft fe x E, T*E g) is a 2-parameter 
family of 1-forms on S. Choose a further compact submanifold £1 C intfifc 
such that C intO. Now we shall use proposition 2.7 to deduce the higher 
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regularity of $ and $ on x S. For this purpose one has to extend the vector 
fields d s and d t on £1 x X to different vector fields on Qk x both denoted by X 7 
and verify the assumptions (6) and (7) of proposition 2.7. These extensions will 
be chosen such that they vanish in a neighbourhood of (<9£lfc \ dW) x S. Then 
a := f*(A - A ) satisfies (6) on M = f x S) with AT = f n 9H) x £). 

Choose a cutoff function /i e C°°(flk, [0, 1]) that equals lonO and vanishes in 
a neighbourhood of dflk\dM. Then firstly, X :— hdt is a vector field as required 
that is perpendicular to the boundary dflk x S. For this type of vector field we 
have to check the assumption (7) for all (3 = (f>h ■ dt with <f> G Cj°(£lfc x £,g). 
Note that r*/3 = (<f> ■ h) o f _1 • i(r,d t )9 can be trivially extended to M and then 
vanishes when restricted to DM. So we can use partial integration as in the 
interior case to obtain 

[ (F f . A ,&r. A 0) = [ (F A ,d A f*/3) = - [ (ft/3 A Fa) = 0. 

JO fc xS JM JdM 

Secondly, X := hd s also vanishes in a neighbourhood of (dQk \ dM) x T, and is 
tangential to the boundary dflk x S. So we have to verify (7) for all (3 = <j>h ■ ds 
with <f> e T = C£°(fifc x S,g). Again, r*/3 extends trivially to M. Then the 
partial integration yields 

/ ( Ff*A , df* a/3 ) = — f (/3 A f* Fa ) 

A2 fc xS Jf- 1 (dM) 

= - (<ph-dsAF B ) = 0. 

•/(£l fc n9H)xH 

The last step uses the fact that B(s, 0) = r*A|r s i xE e £ C ylg.f t (S), and hence 
Fg vanishes on <9H x S. However, we have to approximate A by smooth con- 
nections in order that Stokes' theorem holds and Fb is welldefined. So this 
calculation crucially uses the fact that a W '^-connection with boundary values 
in the Lagrangian submanifold L can be VF^-approximated by smooth connec- 
tions with boundary values in CC\A(Y). This was proven in [W2, Corollary 4.5]. 
So we have verified the assumptions of proposition 2.7 for both $ = f* A(d s ) 
and * = f*A(d t ) and thus can deduce $, * e W k+1 ' q (0, x £). Moreover, under 
the additional assumptions of (ii) in the theorem we have the estimates 

||$ - *o||w*+i.«(nxE) < C s (1 + C fc + Cl) =: C| +1 , 

||* - * ||vW(i>xE) < C t (1 + C fe + Cf) =: C£ +1 . (11) 

The constants C s and Ct arc uniform for all metrics in some small C k+1 - 
neighbourhood of go-,s,t, so by a possibly smaller choice of 5k+i > they be- 
come independent of g s t . Note that in the above estimates we also have de- 
composed the reference connection in the tubular neighbourhood coordinates, 
f*Ao = $ ds + * dt + So- 
rt remains to consider the S-component B in the tubular neighbourhood. 
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The boundary value problem (3) becomes in the coordinates (10) 



d* Bo (B - B ) = V s (4> - * ) + V t (* - * ), 

*F B = d t $-d s v + [*,*], 

9 S B + *<9 t .B = d s $ + *d B *, (12) 
*(s,0)-* (a,0) = V( S ,0)G^, 
B(s,0)e£ V( Sl 0)edn k . 

Here ds is the exterior derivative on E that is associated with the connection B, 
d Bo is the coderivative associated with B 0} * is the Hodge operator on E with 
respect to the metric g s . t , and V s $ := <9 S $ + [$ , V t $ := <9 t $ + [*o, We 
rewrite the first two equations in (12) as a system of differential equations for 
a := B — Bo on E. For each (s, t) 6 

d£a(M) =<£(M), d E a(s,t) = *C(s,t). (13) 

Here we have abbreviated 

£ = *[B A *(B - B )] + V s ($ - $ ) + V t (* - * ), 
C = - * d s Bo - *\[B A B] + - 9 S * + [*, $]. 

These are both functions in W ' g (Q x E, g) due to the smoothness of Ao and the 
previously established regularity of <f> and (This uses the Sobolev embedding 
VK fc .«.VF fc ^ ^ VF fc <« due to M/ fe '« ^ So lemma 2.9 asserts that V^(B-B ) 

is of class VF fe ' 9 on fi x E, and under the assumptions of (ii) in the theorem we 
obtain the estimate 

||Ve(.B - Bo)||w*.«(nxE) 

< Cdieil^*., + KWw*.* + \\B- Bo\\ W k. t ) 

< C(l + ||.B - Boll^,, + ||$ - <f> \\ W k+i, q + ||* - V \\ W k+i, q 

+ \\B- B \\ 2 wk , q + ||$ - *o||w*.«ll* - *o||w*.«) 

< C(l + C fc + + + C fe 2 ) =: Cf +1 . (14) 

Here C denotes any constant that is uniform for all metrics in a (^^-neighbourhood 
of the fixed go-,s.t, so this might again require a smaller choice of Sk+i > in 
order that the constant Cf +1 becomes independent of the metric g Sjt - 

Now we have established the regularity and estimate for all derivatives of B 
of order k + 1 containing at least one derivative in E-direction. (Note that in the 
case fc = lwe even have L 9 -regularity with q = 2p where only L p -regularity was 
claimed. This additional regularity will be essential for the following argument.) 
It remains to consider the pure s- and t- derivatives of B and establish the L p - 
regularity and -estimate for Vjj +1 £> on Clk+i x E, where Vh is the standard 
covariant derivative on H with respect to the metric ds 2 + dt 2 . The reason for 
this regularity, as we shall show, is the fact that B G W k ' q (Sl, A°' P (T<)) satisfies 
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a Cauchy-Ricmann equation with Lagrangian boundary conditions, 



d s B + *d t B = G, 
B(s,0)e£ V(s,0)g<9O. 



(15) 



The inhomogeneous term is 



G := d B $ + *d B * G W' 



Here one uses the fact that W k ' q (Q x E, T*E ® g) C VK fc <«(Sl, -4°< P (E)) since the 
smooth 1-forms are dense in both spaces and the norm on the second space is 
weaker than the VF fc ' 9 -norm on £1 x E, c.f. [W2, Lemma 2.2]. 

Now one has to apply the regularity result [W2, Theorem 1.2] for the Cauchy- 
Ricmann equation on the complex Banach space -4°' P (E). As reference complex 
structure Jo we use the Hodge * operator on E with respect to the fixed family 
of metrics go-s,t on E (that varies smoothly with (s,t) G 0). The smooth family 
J of complex structures in the equation is given by the Hodge operators with 
respect to the metrics g St t- The Lagrangian submanifold C C -4°' P (E) is totally 
real with respect to any Hodge operator, and it is modelled on a closed subspace 
of LP(E, M") for some n G N (see [W2, Lemma 4.2, Corollary 4.4] ) . In the case 
(ii) of the theorem moreover a family of connections Bq G C°°(Cl, -4(E)) is given 
such that Bo(s, 0) G C for all (s, 0) € and B satisfies 

ll-B - So||i,oo(n ) .Ao,p(E)) = \\f*(A - A )|s||L~(n,^o,p(s)) 



Here one uses the fact that f(0 x E) C tq{U x E) lies in a component of the 
fixed neighbourhood V of KCidX. The assumption of closeness to A in ,4 ' P (E) 
was formulated for Tq(A — A )|s. However, for a metric g in a sufficiently small 
C 2 -neighbourhood of the fixed metric g the extensions f and f are C 1 -close and 
one obtains the above estimate with a constant C independent of the metric. So 
B e W k ^ q (n,A°' p (Y 1 )) satisfies the assumptions of [W2, Theorem 1.2] if S > 
is chosen sufficiently small. (Note that this choice is independent of k G N.) 

Now [W2, Theorem 1.2] asserts B G W fe + 1 ' p (f2 fe+ i,-4°' J, (E)). By [W2, 
Lemma 2.2] this also proves V^ +1 B G LP(n k+1 , A°' P (T>)) — L p (£lk+i x E, T*E(X> 
fl), and this finishes the induction step f*A|o fc+1 xs G ^. fe+1 ' p (f2fe+i x E) for the 
regularity near the boundary. The induction step for the estimate in case (ii) of 
the theorem now follows from the estimate from [W2, Theorem 1.2], 



Here the constant from [W2, Theorem 1.2] is uniform for a sufficiently small 
C fe+1 -neighbourhood of complex structures. In this case, these are the families 



< C||to(A - A))|e||i,oo( W) ^o,p( E )) < CS. 




(16) 
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of Hodge operators on E that depend on the metric g s _t- Thus for sufficiently 
small 5k+i > that constant (and also the further Sobolev constants that come 
into the estimate) becomes independent of the metric. The final constant Ck+i 
then results from all the separate estimates, see the decomposition (10) and the 
estimates in (11), (14), and (16), 

\\f*(A~ A )\\ W k+i, P{nk+lxS) < C k + Cfc +1 + Cl +1 + Cf +1 + Cf +1 . 



Proof of II): 

Except for the higher differentiability of B in direction of H this iteration works 
by the same decomposition and equations as in I). The start of the induction k = 
1 is given by assumption. For the induction step assume that the claimed W 1 ' Pk - 
regularity and -estimates hold for some k £ N with pk < 4. Then proposition 2.7 
gives $, * £ W 2 ' qk (Q x E) with corresponding estimates and 



qk 



4 Pk if «, < 4 

3 ifp fe =4. 



(In the case pu = 4 one applies the proposition only assuming VK 1 '^ -regularity 
for p' k = < 4, then one obtains W 2 ' qk -regularity with qk = 3.) Now the right 
hand sides in (13) lie in W 1,qk (Sl x S), so lemma 2.9 gives Vt /1 ' 9fe -regularity and 
-estimates for V S B on fix S. Next, B e W 1 - Pk (Ct, ^l°' p (S)) satisfies the Cauchy- 
Ricmann equation (15) with the inhomogeneous term G € W 1 - qk (fl x E, T*(fl x 
S) (gig). Now we shall use the Sobolev embedding W 1 ' 9 " (!Jx£)^ L r ' k (Q x E) 
with 



Mk 1 4 - pk 

r k = 



ifpfe < 4, 



4-% 



12 if Pk = 4. 



Note that r k > Pk > P due to p k > 2, so that we have G E U' k (ft, A°- p (^)). We 
cannot apply [W2, Theorem 1.2] directly because that would require the initial 
regularity B £ W 1 ' 2p ( fl, A 0,P (T,)) for some p > 2. However, we still proceed as 
in its proof and introduce the coordinates from [W2, Lemma 4.3] that straighten 
out the Lagrangian submanifold, 

e., t : W s , t - ^°' P (E). 

Here W Sj4 C F x Y is a neighbourhood of zero, Y is a closed subspace of 
L p (T,,W n ) for some m e N, 9 is in C fc+1 -dependence on (s,t) in a neighbour- 
hood U C ft of some (so,0) e £1 (~l 9H and it maps diffcomorphically to a 
neighbourhood of B(s,t) or B (s,t) in case (ii). Thus one can write 

B(s,t) = Q., t {v(a,t)) V(s,t)eU 

with v = (vi,V2) G W 1,Pk (U, Y x Y). Moreover, we have already seen that 
both B and X7 S B are M /1 ' 9fe -regular on U x E, so we have the regularity £> G 
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W 1 ' qk (U,A 1 ' qk (E)) C W 1 - qk {U,A°- Sk (Y 1 )) with corresponding estimates. Here 
we have used the Sobolev embedding W 1,Qk (E) L Sfc (£), sec [Ad, Theorem 
5.4], for 

JaiL. - Jft. if Pk < s 



2- 9fc 8-3p fc "™ ^ 3' 

8-Pk 11 Pk ~ 3' 

f ifp fc = 4. 

(Here we have chosen suitable values of Sk for later calculations in case pk > § 
and thus ^ > 2.) The special structure of the coordinates 6 in [W2, Lemma 4.3] 
(it also is a local diffcomorphism between A°' Sk (T,) and a closed subset of 
I Sfc (S,K 2m ) since s k > y k > 2) implies that v G W 1 - qk (U, L Sk (S, R 2m )), which 
will be important later on. 

The Cauchy-Riemann equation (15) now becomes 

d s v + Id t v = f, 
w 2 (s,0) = VseR. 

Here I = (d^e)" 1 * (d v 9) G W 1 *" (U, End(Y x F)) and 

/ = (d„e)- 1 (G-a s e(«)-*a t e( u )) e p([/,rxr). 

We now approximate / in U k (U, Y x Y) by smooth functions that vanish on 
9Z7, then partial integration in [W2, (9)] yields for all G C oc (?7, y* x F*) and 
a smooth cutoff function as in the proof of [W2, Theorem 1.2] 

(hv,A<f>) = f (f,d s (h^)-d t (h-I*ct>)) + f (F, <j>) 
u Ju Ju 

+ I {vx,dt{Hx)+d a {fuh)). (17) 

JdUndM 

Here F = {Ah)v + 2{d s h)d s v + 2(d t h)d t v + h(d t I)d s v - h(d s I)d t v contains 
the crucial terms (d t I)(d s v) and (d s I)(d t v) and thus lies in L^ Pk {U,Y x Y). 
This is a weak Laplace equation with Dirichlet boundary conditions for hv 2 , 
Neumann boundary conditions for hvi, and with the inhomogeneous term in 
W-^ r ' k {U,Y x Y). The latter is the dual space of W iy *{U,Y* x Y*) with 
+ 4- = 1. (The inclusion L^ Pk (U) > W^ 1 ' Tk (U) is continuous as can be seen 

& k 

via the dual embedding that is due to h — V > — 1 H ^j.) Recall that Y C 

L p (T,,M. m ) is a closed subspace. Since r k > p the special regularity result [W2, 
Lemma 2.1] for the Laplace equation with values in a Banach space cannot be 
applied to deduce hv G W 1,Tk (U, YxY). However, the general regularity theory 
for the Laplace equation extends to functions with values in a Hilbert space (c.f. 
[Wl]). So we use the embedding V>(E) ^ L 2 {Y). Then (17) is a weak Laplace 
equation with the inhomogeneous term in W^ 1 ' T ' k (U, I< 2 (£, ffi. 2m )) and enables 
us to deduce hv G W 1 ™ (U, i 2 (S, R 2m )) and thus v G W x > rk (0, L 2 (S, 1 
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with the corresponding estimates for some smaller domain U (a finite union 
of these still covers a neighbourhood of O H <9H). Furthermore, recall that 
v e W 1 ' 9 * (U, L s " (£, R 2m )). Now we claim that the following inclusion with the 
corresponding estimates holds for some suitable Pk+i 

w 1,r *(£;,L 2 (E)) n w 1 ' qk (u, L Sk (£)) c w^+^i/.l^+^e)). (18) 

To show (18) it suffices to estimate the L Pk+1 (U x S)-norm of a smooth function 
by its L r i>(U,L 2 (Z))- and L« fc (J7, L Sfe (£))-norms. Let a > 2 and t £ [1,2), then 
the Holder inequality gives for all / e C°°(?7 x S,l 



lL°((7xS) 



i/ri/r 



'E7 

ia-t 



/ WfWv 

Ju 



< ' ' 'lL2(E)l _ 

v L 2-t (E) 

" ll/ll ^(^ 2 ( S )) l[/ "^fel(^L 2 ^l( S )) 

^ ll/H2r(&,W(E)) + ll/H^ ( ^2^| (E)) - 

Here we abbreviated r := r k > > 2. Now we want 

r k {a-t) 2{a-t) 

(Ik = — and s fe = — — — . (19) 

rk-t 2-t 
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Indeed, in the case p k = 4 our choices q k — 3, r k — 12, and s k = %■ together 

16^ 



with £ := | and a := solve these equations. So we obtain Pfc+i = a = j|pfe- 
In case p k < 4 the first equation gives 



8 - p k 

If moreover p k > |, then we choose t := | to obtain a = 2 4-3 Pfc P fc — TEPk- 
This also solves (19) with our choice s k = 44 g p ^ ~ fc 80 , so we obtain p k +\ = jgPk- 
Finally, in case | > p k > 2 one obtains from (19) 

f - e M - 

Inserting this in (20) yields a = 9(p k ) ■ p k with 

3p fc -4 



0(Pk) 



-Pit + 7p fc - 8 



One then checks that 0(2) = 1 and 6'(p) > for p > 2, thus 0(p) > 1 for 
p > 2. Moreover, 0(|) = |, so 9{p') = ±| for some p' E (2, §). Now for 
p > p' we extend the function constantly to obtain a monotonely increasing 
function : (2,4] — > (1, ^g]- With this modified function we finally choose 
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Pk+i = 9(pk) ■ Pk for all 2 < pk < 4. This finishes the proof of (18) and thus 
shows that v G W 1 ' Pfc + 1 (C/,L Pfe + 1 (S)). 

In addition, note that our choice of Pk+i < a will always satisfy Pk+i < r k . 
In case pk = 4 see the actual numbers, in case pu < 4 this is due to (20), i < 2, 
and pfc > 2, 

6 2 
a < Pk < -. Pk = r k . 

Now we again use the special structure of the coordinates 6 in [W2, Lemma 4.3] 
to deduce that B = 9 o v G W 1 -?^ 1 (U, A"' Pk+1 (£)) with the corresponding es- 
timates. Above, we already established the W 1,Vk - and thus W 1,Pk+1 -regularity 
and -estimates for $ and * as well as B G L Pk+1 (U, A 1,Pk+1 (X)). (Recall the 
Sobolev embedding Vy 1,9fc <^-> L Tk , and that > <7fc and > pk+i, so we 
have L rk (U, I7 k (S))-regularity of i? as well as V^B.) Putting all this together 
we have established the W /1 ' Pfe+1 -regularity and -estimates for f * A over Ui x E, 
where the C/j cover a neighbourhood of fifc+i HOT. The interior regularity again 
follows directly from proposition 2.7. 

This iteration gives a sequence (p k ) with p k +i = 0(p k ) ■ p k > 6(p) ■ p k . So 
this sequence grows at a rate greater or equal to 9{p) > 9(2) = 1 and hence 
reaches pn > 4 after finitely many steps. This finishes the proof of II) and the 
theorem. □ 



Proof of theorem A : 

Fix a solution A G A\^ C (X) of (2) with p > 2. We have to find a gauge 
transformation u G (X) such that u* A G A(X) is smooth. Recall that the 
manifold X — UfceN X k is exhausted by compact submanifolds X k meeting the 
assumptions of proposition 2.1. So it suffices to prove for every k G N that there 
exists a gauge transformation u G G 2,p (X k ) such that w*A|x,. is smooth. 

For that purpose fix k G N and choose a compact submanifold M C X that is 
large enough such that theorem 2.6 applies to the compact subset K := X k C M . 
Next, choose A G A(M) such that \\A — Aq\\ w i, p i m \ and \\A — A ^ Lq t M \ are 
sufficiently small for the local slice theorem, proposition 2.2, to apply to Aq with 
the reference connection A = A. Here due to p > 2 one can choose q > 4 in the 
local slice theorem such that the Sobolev embedding W 1 ' P (M) L q (M) holds. 
Then by proposition 2.2 and remark 2.3 (i) one obtains a gauge transformation 
u G Q 2 ' P (M) such that u*A is in relative Coulomb gauge with respect to Aq. 
Moreover, u* A also solves (2) since both the anti-self-duality equation and the 
Lagrangian submanifolds Ci are gauge invariant. The latter is due to the fact 
that u restricts to a gauge transformation in Q l,p (Yii) on each boundary slice 
Ti{{s} x due to the Sobolev embedding Q 2 p i}A l xE)c W l - p {Ui, g 1 - p (Y li )) ^ 
C°{U i ,g 1 ^{'E i )). So u*A G A 1,P {M) is a solution of (3) and theorem 2.6 (i) 
asserts that u* A\ Xk G A(X k ) is indeed smooth. 

Such a gauge transformation u G Q 2 ' p (X k ) can be found for every k G N, 
hence proposition 2.1 (i) asserts that there exists a gauge transformation u G 
Giac(X) on the full noncompact manifold such that u* A G A(X) is smooth as 
claimed. □ 
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Proof of theorem B : 

Fix a smoothly convergent sequence of metrics g v — > g that are compatible to 
r and let A v G A^f c (X) be a sequence of solutions of (2) with respect to the 
metrics g" '. Recall that the manifold X = U/ceN^fc 1S exhausted by compact 
submanifolds Xk meeting the assumptions of proposition 2.1. We will find a 
subsequence (again denoted A") and a sequence of gauge transformations u v G 
Gfoc(X) such that the sequence u v * A v is bounded in the VF £ ' p -norm on Xk for 
alH G N and k G N. Then due to the compact Sobolev embeddings W e ' p (X k ) <-* 
C l ~ 2 (Xk) one finds a further (diagonal) subsequence that converges uniformly 
with all derivatives on every compact subset of X. 

By proposition 2.1 (ii) it suffices to construct the gauge transformations and 
establish the claimed uniform bounds over X/~ for all k G N and for any sub- 
sequence of the connections (again denoted A v ). So fix k G N and choose a 
compact submanifold M G X such that theorem 2.6 holds with K = Xk G M. 
Choose a further compact submanifold M' G X such that theorem 2.6 holds 
with K — M G M' . Then by assumption of the theorem \\Fa" \\lp(M') 1S uni- 
formly bounded. So the weak Uhlenbcck compactness theorem, proposition 2.4, 
provides a subsequence (still denoted A"), a limit connection A G A 1 ' P (M'), 
and gauge transformations u v G Q 2,P (M') such that u v * A v — ► A a in the weak 
W /1 ' p -topology. The limit A then satisfies the boundary value problem (2) 
with respect to the limit metric g. So as in the proof of theorem A one finds 
a gauge transformation u G G 2 ' P (M) such that UqA G A(M) is smooth. Now 
replace A by UqA and u v by u w uq G Q 2 ' p (M), then one still has a W^-bound, 

* £v _ AoHn/i, p(m) < c o for some constant Co, see [W2, Lemma A. 5]. 

Due to p > 2 one can now choose q > 4 in the local slice theorem such that 
the Sobolev embedding W 1,P {M) <^-> L q (M) is compact. Hence for a further 
subsequence of the connections u v * A v — ► Ao in the L 9 -norm. Let £ > be the 
constant from proposition 2.2 for the reference connection A = Aq, then one 
finds a further subsequence such that \\u v * A u — A a \\ Lq ^ M ^ < e for all v G N. 
So the local slice theorem provides further gauge transformations u v G Q 2,P (M) 
such that the u v * A v are in relative Coulomb gauge with respect to Aq. The 
gauge transformed connections still solve (2), hence the u v * A v are solutions of 
(3). Moreover, we have \\u v *A V - A \\ q < C CG \\u v * A u - A \\ q , hence u v *A V 

in the L 9 -norm, and 

\\u v *A v -A \\ w ^ p(M) <C CG c . 

The higher VF fe ' p -bounds will now follow from theorem 2.6, so we first have to 
verify its assumptions. Fix the metric go := g and a compact neighbourhood 
V = ljr=i f oA U i x s ») of K n dX - Thcn thc f aA^ * AV - j4 o)|s i arc uniformly 
Vy 1,p -bounded and converge to zero in the L 9 -norm on Hi x Si as seen above. 
Now the embedding 

W^iUi x T*£i <8> g) ^ L°°(Ui, A°' p (Yii)) 

is compact by lemma 2.5. Thus one finds a subsequence such that the Tq i(u v 
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converge in L°°(Ui, A°' p (T,i)). The limit can only be Tq i Ao\s i since this already 
is the L 9 -limit. Now in theorem 2.6 (ii) choose the constant C\ = C CG co and let 
6 > be the constant determined from C\. Then one can take a subsequence 
such that 

|| ^(u" *A V - A ) El IIloo^^o,,,^.)) < 8 Mi = 1, . . . ,n,Vi/. 

Now theorem 2.6 (ii) provides the claimed uniform bounds as follows. Fix I e N, 
then \\g v — g\\c l + 2 (M) < &t f° r au v > v l with some vt e N, and thus 

\\u v *A» -A \\ we , p{Xk) <C t Vu>u e . 

This finally implies the uniform bound for this subsequence, 

SUp\\u"*A»\\ e , < 00. 

Here the gauge transformations u u £ G 2 ' p (Xk) still depend on k 6 N and are 
only defined on X^. But now proposition 2.1 (ii) provides a subsequence of 
(A v ) and gauge transformations u v G Gf^(X) defined on the full noncompact 
manifold such that u u * A v is uniformly bounded in every W^ ,p -norm on every 
compact submanifold X^. Now one can iteratively use the compact Sobolcv 
embeddings W t+2,p {Xi) ^ C l {X() for each I 6 N to find a further subsequence 
of the connections that converges in C \Xi). If in each step one fixes one further 
element of the sequence, then this iteration finally yields a sequence of connec- 
tions that converges uniformly with all derivatives on every compact subset of 
X to a smooth connection A e A(X). □ 



3 Fredholm theory 

This section concerns the linearization of the boundary value problem (1) in the 
special case of a compact 4-manifold of the form X = S 1 x Y, where Y is a 
compact orientable 3-manifold whose boundary dY = S is a disjoint union of 
connected Riemann surfaces. The aim of this section is to prove theorem C. 

So we equip S 1 x Y with a product metric g = ds 2 + g s (where g s is an 
S^-family of metrics on Y) and assume that this is compatible with the natural 
space-time splitting of the boundary dX = S 1 x S. This means that for some 
A > there exists an embedding 

t : S 1 x [0, A) x S ^ S 1 x Y 

preserving the boundary, r(s, 0, z) — (s, z) for all s G S 1 and zeS, such that 

T*.g = ds 2 + dt 2 + 5M . 

Here g s ^ is a smooth family of metrics on S. This assumption on the metric im- 
plies that the normal geodesies are independent of s e S 1 in a neighbourhood of 
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the boundary. So in fact, the embedding is given by t(s, t, z) = (s, "f z (t)), where 
7 is the normal geodesic starting at z E S. This seems like a very restrictive 
assumption, but it suffices for our application to Riemannian 4-manifolds with 
a boundary space-time splitting. Indeed, the neighbourhoods of the compact 
boundary components are isometric to S 1 x Y with Y — [0, A] x £ and a metric 
ds 2 + dt 2 +g„ it . 

Now fixp > 2 and let C C A££ t (Z) be a gauge invariant Lagrangian subman- 
ifold of A°' P (T,) as in the introduction. Then for A E A 1 ^^ 1 x Y) we consider 
the nonlinear boundary value problem 



* F A + F A = °, 

A\ {s}x9y eC VsgS 1 . 



(21) 



Fix a smooth connection A E AiS 1 x Y) with Lagrangian boundary values (but 
not necessarily a solution of this boundary value problem). It can be decomposed 
as A = A + $ds with $ G C 00 ^ 1 x Y,g) and with A E C 00 ^ 1 x Y, T*Y ® q) 
satisfying A s := A(s)\qy G C for all s E S 1 . Similarly, a tangent vector a 
to A L ' P (S 1 x Y) decomposes as a = a + ipds with ip E W 1 ' P (S 1 x Y,q) and 
a E W^iS 1 x Y,T*Y ® g). Now let £^' p C VF^S 1 x Y, T*Y ® g) be the 
subspace of S^-familics of 1-forms a that satisfy the boundary conditions from 
the linearization of (21) and the Coulomb gauge, 

*a(s)\dY = and ct(s)\gy G Tyi s £ for alls G S* 1 . 

Then the linearized operator for the study of the moduli space of gauge equiv- 
alence classes of solutions of (21) is as in the introduction 

£>(A,») : E 1 / x W^iS 1 x Y, fl) — » L^S 1 x Y, T*Y ® g) x ^ (5 1 x Y, g) 

given by 

£>(A,<I>) (a, <£>) = (V s a - d A ip + *d A a , V s ip - d* A a) . 

Here d^ denotes the exterior derivative corresponding to the connection A(s) 
on Y for all s E S 1 , * denotes the Hodge operator on Y with respect to the 
s-dependent metric g s on Y, and we use the notation V s a := d s a + [<E>, a). Our 
main result, theorem C (i), is the Frcdholm property of D^ A ^\. We now give 
an outline of its proof. 

The first crucial point is the estimate, theorem C (ii), which ensures that 
D(A,<s>) has a closed image and a finite dimensional kernel. It can be rephrased 
as follows due to the identities 

dta = 5 * (V s a — d A tp + *d A a) - 5 (V s a - d A (p + *d A a) A ds, 



d*r& = -V s tp + d* A a. 



Lemma 3.1 There is a constant C such that for all a E W 1 ' P (X 7 T*X <g) g) 
satisfying 

*a\dx = and a\{ s } xdY E Y As C Vs G S 1 



33 



one has the estimate 

Mw^<C(\\d+a\\ p +\\d* A a\\ p +\\a\\ p ). 

The second part of the Fredholm theory for ^(a,*) is the identification of 
the cokernel with the kernel of a slightly modified linearized operator, which 
will be used to prove that the cokernel is finite dimensional. To be more precise 
let a : S 1 x Y — > S 1 x Y denote the reflection given by a(s, y) := (— s, y), where 
S 1 ^ R/Z. Then we will establish the following duality: 

(AOefirnDfA^)) 1 (P o a, C o a) G ker £> CT . (A;4>) , 

where -D ct *(a,$) is the linearized operator at the connection a* A = Aoo — <!> o cr 
with respect to the metric a*g on S 1 x Y. Once we know that imDuj) is 
closed, this gives an isomorphism between (cokerD^ ^))* = (imD^^)) and 
kerD^*^ $). Here Z* denotes the dual space of a Banach space Z, and for a 
subspace Y C Z we denote by F 1 - C the space of linear functional that 
vanish on Y. Now the estimate in theorem C (ii) will also apply to -D<j*(a,$)j 
and this implies that its kernel - and hence the cokernel of ^(a,*) ~ is of finite 
dimension. The main difficulty in establishing the above duality is the regularity 
result theorem C (iii). 

This regularity as well as the estimate in theorem C (ii) or lemma 3.1 will 
be proven analogously to the nonlinear regularity and estimates in section 2. 
Again, the interior regularity and estimate is standard elliptic theory, and one 
has to use a splitting near the boundary. We shall show that the S 1 - and the 
normal component both satisfy a Laplace equation with Neumann and Dirichlct 
boundary conditions respectively. The S-componcnt will again gives rise to a 
(weak) Cauchy-Riemann equation in a Banach space, only this time the bound- 
ary values will lie in the tangent space of the Lagrangian. In contrast to the 
required i p -estimates we shall first show that the L 2 -estimate for L p -regular 
1-forms can be obtained by more elementary methods. These were already out- 
lined in [S] as a first indication for the Fredholm property of the boundary value 
problem (21). 

Let a e W 1 ' P (X, T*X ® q) be as supposed for some p > 2. From the first 
boundary condition *a\gx = one obtains 

l|Va||^ = ||d^ + ||d*a||2- f ~g(Y & ,V Y& v). 

Here one has J dx giY^, Vy^) > ~ CHSH^^x) since the vector field is given 
by Ly a g = <S. In this last term one uses the following estimate for general 
1 < p < 00. 

Let r : [0, A) x dX X be a, diffeomorphism to a tubular neighbourhood 
of dX in X. Then for all 5 > one finds a constant Cs such that for all 
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W P LP(dX) 



OX 



^ s {{s-l)\f(r(s,zW) d S d 3 z 

fl r /■! 



<[ f \f(T( S ,z))\Pd S d 3 Z+ f [ p\f{T{8,z))r 1 \d a f{T{s,z))\dBd 3 Z 
JdX Jo JdX JO 

<C(\\f\\Ux) + 11/11^) llv/IU- w ) 

< (S\\f\\w^(x)+Cs\\f\\ LP{ x)) P . (22) 
This uses the fact that for all x, y > and 6 > 

I o p- 1 i p ;x > op- 1 y \ 

So we obtain 

\\&\\w^ < C(\\d A &\\ 2 + \\d\a\\ 2 + ||a|| 2 ). (23) 

In fact, the analogous T4 /1,p -estimates hold true for general p, as is proven e.g. 
in [Wl, Theorem 6.1]. However, in the case p = 2 one can calculate further for 
all 6 > 

Il d i"ll2 = / ( d ia,2dt<S)- / (d^aAd^a) 

= 2||d+a||!- f (aA[F A Aa\)- [ {&Ad A &) 
Jx JdX 

<2\\d+ A a\\l + C s \\a\\l + 5\\a\\ 2 wl , 2 . (24) 

Here the boundary term above is estimated as follows. We use the universal 
covering of S 1 = M/Z to integrate over [0, 1] x dY instead of dX = S 1 x dY. 
Introduce A := (A s ) s£S i, which is a smooth path in C. Then using the splitting 
a\ax — a + ipds with a : S 1 x S — > T*S <g> q and ipiS 1 xE^g one obtains 

— / {a A d A a } 
./ax 



( a A (dA¥> - V s a) ) A ds 



= {<P, d A a ) dvol s Ads — 

Jo Jt, Jo Jt 

= f [ («AV s a)Ads 
Jo Jt, 

<H&\\w^(x)+C's\\a\\ 2 L 2 {xy 

Firstly, we have used the fact that d^als = since a(s) e T^ s £ C kcrd^ for 
all s £ S . Secondly, we have also used that both a and d^^p lie in TaC-, hence 
the symplectic form J s (a A Aav) vanishes for all seS 1 . This is not strictly 
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true since a only restricts to an L p -regular 1-form on dX. However, as 1-form 
on [0, 1] x Y it can be approximated as follows by smooth 1-forms that meet 
the Lagrangian boundary condition on [0, 1] x £. 

We use the linearization of the coordinates in [W2, Lemma 4.3] at A s for all 
s G [0, 1]. Since the path s i-> A s e C (~l A(E) is smooth, this gives a smooth 
path of diffcomorphisms Q s for any q > 2, 

Z x Z > _L 9 (X T*S ® g) 

9s! (£,i>,C,«0 — > dA.e + E£i« i 7i(*) + *dA.C + E2=i«' < *7iW, 

where Z := lf}«(E,g)xl ra and the 7l G C°°([0, 1] x E,T*S®g) satisfy 7i (s) G 
1a, £ for all s G [0, 1]. We perform above estimate on [0, l]xV since we can not 
necessarily achieve 7,(0) = 7,(1). In these coordinates, we mollify to obtain the 
required smooth approximations of a near the boundary. Furthermore, we use 
these coordinates for q = 3 to write the smooth approximations on the boundary 
asa(«) = d A ^(s) + Z;2=i« i (*)7i(*) with \\^ s )\\ wl , 3{i:) + \v(s)\ < C||a(«)||i3 (E) . 
Then for all s G [0, 1] 

/ (a(s)AV s a(s))= f (a A (d A .d 8 S + YZi 9 ^ ' 7i) > 

<C||a(«)|| ia(E) ||a(*)|U3 (E) . 

Here the crucial point is that d^Ss^ and SsW 1 • ji are tangent to the Lagrangian, 
hence the first term vanishes. Now one uses (22) for p = 2 and the Sobolev 
trace theorem (the restriction W 1,2 (X) — ► L 3 (dX) is continuous by e.g. [Ad, 
Theorem 6.2] ) to obtain the estimate, 



/ / (a AV s a) Ads < C\\a\\ L 2 (d x)\\a\\ L 3(dX) 

JO J£ 



< + Cs\\a\\ L 2 (X )\\a\\ w i,2 (x) 

< $\\a\\w^(x) + C 's\\ & \\h(x)- 

This proves (24). Now S > can be chosen arbitrarily small, so the term 
||a|| w i,2 can be absorbed into the left hand side of (23), and thus one obtains 
the claimed estimate 

\\&\\w^ < C(||d±a|| 2 + ||dta|| 2 +||a|| 2 ). 

Proof of theorem C (ii) or lemma 3.1 : 

We will use lemma A. 2 for the manifold M := S 1 x Y in several different cases 
to obtain the estimate for different components of a. The first weak equation 
in lemma A. 2 is the same in all cases. For all rj G C°°(M; q) 



/ (a,dr])= (d*a,r])+ (?7,*a} 

JM JM JdM 



d* A a + *[AA*a], rj) = / (/, rj). 

M JM 
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Here one uses the fact that *a\dM = . Then / e L P (M, g) and 

||/Hp< H* A &\\ P + 2||i4|| 00 ||a|| p . (25) 
For the second weak equation lemma A. 2 we obtain for all A € Q 1 (M; g) 

f (a,d*d\)= [ (a, d*dA + d* *dA) (26) 
Jm Jm 

= [ ( 7 ,dA)- / (<SA*dA)- / (5AdA), 

JM J S 1 xdY Js 1 xdY 

where 7 = da + *dd = 2d^a - 2[A A a]+ G L P (M, A 2 T*M ® g) and 

||7|| P <2||d±a|| p + 4||i|| 00 ||a|| p . (27) 

Now recall that there is an embedding r : 5 1 x [0, A) x S ^ S* 1 x y to a tubular 
neighbourhood of S 11 x dY such that t*<7 = ds 2 + dt 2 + «7 S;t for a family g Sjt of 
metrics on E. One can then cover M = S 1 x Y with t(S 1 x [0, — ] x E) and a 
compact subset 7cM \ <9M. 

For the claimed estimate of a over V it suffices to use lemma A. 2 for vector 
fields X G r(TM) that equal to coordinate vector fields on V and vanish on 
dM. So one has to consider (26) for A = <j> ■ i X g with <j> G Cf(M,Q). Then 
both boundary terms vanish and hence lemma A. 2 directly asserts, with some 
constants C and Cy, that 

||(5|| H /i,p(y) < C(||/|| L p(m) + ||7l|iP(M) + ||<5||lp(m)) 

< c v{\\A\a\\ L v( M ) + ||d^a||i,P(M) + \\^\\lp(m))- 



So it remains to prove the estimate for a near the boundary dM = S 1 x E. 
For that purpose we can use the decomposition r*a = ipds + ipdt + a, where 
<p,ip € W 1 '"^ 1 x [0, A) x E, g) and a G W 1 ' p (5 1 x [0, A) x E, T*E <g> g). Let 
f2 := S 11 x [0, § A] and let K := S 1 x [0, f ]. Then we will prove the estimate for 
(f and ip on f2 x E and for a on if x E. 

Firstly, note that ■0 = <S(T*9t) o r, where — T^dtldM — v is the outer unit 
normal to dM. So one can cut off r*9 t outside of r(fl x E) to obtain a vector field 
A G r(TM) that satisfies the assumption of lemma A. 2, that is X\qm = — v is 
perpendicular to the boundary. Then one has to test (26) with A = 4>-Lx<j for all 
4> 6 C£°(M, g). Again both boundary terms vanish. Indeed, on S 1 x dY we have 
= and L X g — r*di, hence dA|R X ay = and *dA|R X ay = — §^*T*(dfAd£) = 0. 
Thus lemma A. 2 yields the following estimate. 

IMIw^fixE) < C||a(X)|| w i,p (M) 

< C{\\.f\\hv(M) + ||7||lp(m) + ||a||ip(M)) 

< C t (||dtd||iP( M ) + \\d* A a\\ LP{M) + ||a|| L p (M) ). 
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Here C denotes any finite constant and the bounds on the derivatives of r enter 
into the constant C t - 

Next, for the regularity of ip = a(d s ) o r one can apply lemma A. 2 with 
the tangential vector field X = d s . Recall that r preserves the S^-coordinate. 
One has to verify the second weak equation for all <j> G C£°(M, g), i.e. consider 
(26) for A = 4> ■ Lxg = <fi ■ ds. The first boundary term vanishes since one has 
*dA|si x gy = — ^ dvolgy = 0. For the second term one can choose any 6 > 
and then finds a constant Cg such that for all <f> £ C^(M, g) 



[a AdX) 



S 1 xdY 



S 1 JT, 



; a(s, 0) Ad E (</lo T )(s, 0) ) A ds 



= / ( a A [A, 4>] ) A ds 

J S 1 xdY 

< \\®\\LP(dM)\\A\\oo\\<f>\\LP* (dM) 

< (6\\a\\ w i,p( M ) +Cs\\a\\ LP ( M ))\\(j)\\ w i, v *( M y 

This uses the fact that a(s,0) and dA s (<fr ° T )l(s,o)x£ both lie in the tangent 
space Ta s £ to the Lagrangian, on which the symplectic form vanishes, that is 
J E ( a A dA{4> ° t) ) =0. Moreover, we have used the trace theorem for Sobolev 
spaces, in particular the estimate (22). Now lemma A. 2 and remark A. 3 yield 
with ci = (I/Hp, c 2 = ||7||lp(m) + 5\\&\\wi.p(M) + C s \\a\\ L p(M), and using (25), 
(27) 

IMIw^fixE) 

< C(\\f \\ L p(M) +c 2 + \\a\\Lp(M)) 

< S\\a\\ w i, P ( M) + C s (5)(\\d~ta\\ LP ( M ) + ||d^d|| LP ( M ) + ||d|| £ p (M )). 

Here again S > can be chosen arbitrarily small and the constant C s (S) depends 
on this choice. 

It remains to establish the estimate for the E-componcnt a near the bound- 
ary. In the coordinates r on ft x S, the forms d^d and d^d become 

T *d* A a = -d s f - dti> + d^a - t*(*[A A *d]), 
r*dta = \ (-(d s a + * s d t a) A ds + * s (d s a + * s d t a) A dt) 
+ i(d s a+ (* E d E a)ds Adt) +r*([i Ad]+). 

So one obtains the following bounds: The components in the mixed direction of 
f2 and S of the second equation yields for some constant C\ 

\\d s a + ^d t a\\ LP(nx ^ < ||T*dtd|| J . p(nxE) + ||r*([AAd]+)|| LI)(0xE) 
< Ci(\\d±&\\ LP{M) + ||d|| L p (M) ). 

Similarly, a combination of the first equation and the S-component of the second 
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equation can be used for every 5 > to find a constant C2 (S) such that 

l|dsa|Up(oxS) + l|dsa||Lp(OxE) 

< C(\\d^a\\ LP{M) + \\d* A a\\ LP{M) + \\a\\ L p(M) 

+ IMIw^fixE) + ||V'l|w 1 .«'(nxE)) 

< ^||5||iyi,P(M) + C 2 {6)(\\d~ta\\ LP ( M ) + \\d A a\\ LP(M) + ||a|| M) ). 

Now firstly, lemma 2.9 provides an L p -estimate for the derivatives of a in In- 
direction, 

I|VeQ:|| L p(o xS ) 

< C(||d E a||i,P(nxE) + \\ d Y: a \\Lp(nxS) + ||a||z,p(nxs)) 

< S\\a\\ w i, P(M ) + C-z(8)(\\d~ta\\ LP ( M ) + \\d* A a\\ LP ( M) + ||a|| iP ( M )), 

where again C^(S) depends on the choice of 5 > 0. For the derivatives in 
s- and ^-direction, we will now apply [W2, Theorem 1.3] on the Banach space 
X = L P (E, T*E® fj) with the complex structure * s determined by the metric g s j 
on S and hence depending smoothly on (s, t) G ft. The Lagrangian submanifold 
C C X is totally real with respect to all Hodge operators and it is modelled on 
a closed subspace of L p (Y],M n ) as seen in [W2, Lemma 4.2, Corollary 4.4] Now 
a G W 1,p (Vi, X) satisfies the Lagrangian boundary condition a(s, 0) G T^ 3 £ for 
all seS 1 , where s 1— > A s is a smooth loop in C. Thus [W2, Corollary 1.4] yields 
a constant C such that the following estimate holds, 

||Vna||Lp(KxS) < IHIvvlp^x) 

< C(\\d s a + * s d t a\\ LP(n ^ x) + \\a\\ LP(ShX) ) 

< c K(\\d\a\\ LP(M) + ||a||iP( M )). 

Here Ck also includes the above constant C\. Now adding up all the estimates 
for the different components of a gives for all 8 > 

< {Cv + C t + C S (S) + C E (J) + Ck)(||d+fi|| p + ||d*^|j p + \\a\\ p ) 

+ 25||a||ivi,p. 

Finally, choose S — j, then the term ||a||iyi, P can be absorbed into the left hand 
side and this finishes the proof of the lemma. □ 



Proof of theorem C (iii) : 

Let P G L^iS 1 xY,T*Y(gig) and C G L c '(S 1 xY,g) be as supposed in theorem C. 
Then there exists a constant C such that for all a G E^ p and ip G W 1 ' P (S 1 x Y, g) 



/ / (X7 s a - d A ip + *d A a , (3) + / {V s Lp - d* A a , Q 
Js 1 Jy Js 1 Jy 

D( A ,<s>)(a,<p), {13,0) 



IS 1 xY 

<C\\{a,y)\\ q *. 



(28) 
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The higher regularity of £ is most easily seen if we go back to the notation 
a = a+fds with D(a,*)(ck, <p) = (27 , — d^a) for d^a = *7— 7Ads . Abbreviate 
M := S 1 x y, then we have for all a G C°°(M, T*M ® g) with *a| 9M = and 
a|{ s }xay G T As £ for all s G S 1 



/ (2dt £ 5,/3Ad s }+ / (d^a,C) 



< G||a| 



g* • 



Now use the embedding t : S 1 x [0,A) x E ^ M to construct a connection 
A G -4(M) such that t*A(s, t, z) = A s (z) near the boundary (this can be cut 
off and then extends trivially to all of M). Then a := d^(f> satisfies the above 
boundary conditions for all <fi £ C£°(M, g) since A^4>{ v ) — + [A{v),4>] — an d 
dji(t)\{s}xdY = &A s <t> G Ta s £ for all s G S 1 . Thus we obtain for all cj> G C£°(M,g) 
in view of A<fi = d*(a — [A, </>]), denoting all constants by C, 



/( 



/ 



' M 

<C||a||,.+ 
<C||0|| w i„. 



;d^ + *[iA*a]-d 4 [i>],C> 



M 



(-2d±d^,/3Ads) 



M 



(*[AA*d^]-d*[A,0],C> 



The regularity theory for the Neumann problem, e.g. proposition A.l, then 
asserts that C G W 1,9 (M). 

To deduce the higher regularity of /3 we will mainly use lemma A. 2. The 
first weak equation in the lemma is given by choosing a = in (28). For all 
rieC°°{M, 3 ) 



/< 

Jm 



f [ (0,d A V-[A,v\) 
Js 1 Jy 

(V.C,»7> 



'S 1 JY 

<c\H\ q * 
<c\HW 



S 1 JY 



+ 



JS 1 JY 



For the second weak equation let tp = and a = *dA — <9 S A for A = <f> ■ Lxg with 
(j) G T in the function space CJ° (M, g) or C£° (M, g) corresponding to the vector 
field X G C°°(M,TY). If the boundary conditions for a G E 1 / are satisfied, 
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then we obtain with d = dy 

f {(3,d* M d M \) 

JM 

= [ [ {(3, *d*d\-d 2 s \-*{d s *)d s \) 
Js 1 Jy 

= {(3 , *d A a - *[A A *dA] + *d A d s \ 

Js 1 Jy 

+ V s a - [$, d s X] - V s * dA - *(d s *)d s \ ) 



S 1 Jy 



(C,d>) 



/ / {13, *d A d s \- V s *dA> 
Js 1 Jy 



<C\\\\\ w i. t - 

<CU\\w^- 

Here we have used the identity 

*d A d s \ - V s * dA = *[A A d s X] - *dA] - {d s *)d\. 

Moreover, we have used partial integration with vanishing boundary term *a|gy = 
to obtain 

/ / (C,d>)= / / {d A (, *d\-d s \). 

Js 1 Jy Js 1 Jy 

Now let A G C°°(M,TY) be perpendicular to the boundary dM = S 1 x dY, 
then for all (j> G Cg°(M) the boundary conditions for a = *d\ — d s \ G E^ p 
are satisfied. Indeed, on the boundary dM = S 1 x dY the 1-form A = (p ■ 
vanishes, we have ix<7 = ft • T*df for some smooth function h, and moreover 
d<£ = — j£ ■ r*di. Hence 



*a\dY = d\\oY - *d s X\dY 
Oi\dY = *d\\dY — O s X\dY 



■$&h* (T.di Ar„di) = 0. 



Thus for all vector fields A G C°°(M, TY) that are perpendicular to the bound- 
ary, lemma A. 2 asserts that /3(A) G W 1 ' q (M,g). In particular, this implies 
W^-regularity of (3 on all compact subsets K C intM. So it remains to prove 
the regularity on the neighbourhood t{S 1 x [0, — ) x E) of the boundary dM. 
In these coordinates we decompose 

t*(3 = £dt + 0. 

Now firstly, lemma A. 2 applies as described above to assert the regularity £ = 
(3(nd t ) ore W x ' q {Q. x E,fl) on Q := S 1 x [0, | A). Here a vector field A that 
is perpendicular to the boundary is constructed by cutting off T*d t outside of 
t(Q x E). 

So it remains to consider (3 G L 9 (f2 x E,T*E ® g) and establish its VF 1 ' 9 - 
regularity. In order to derive a weak inequality for (3 on x E from (28) we 
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use a = r*(^ds + ipdt + a) with ip £ C%°(tt x T,,g), V G x S,g), and 

a £ W rl ' p (n x S, T*S ® g) such that a(s, | A, ■) = and d(s, 0, •) G T As £ for all 
s £ S 1 . This ti satisfies the boundary conditions for (28) and it can be extended 
trivially to a M /1 ' p -regular 1-form on all of M. Thus we obtain 

( V s d + *V t d - d A (p - *d A ip , ) 

f2xE 

/ ( -V s ^» + V t <p - *d A a , £) + [ (V s ^ + X7 t yj-d A a,() 

+ C||(^ds + -0 + ct|| g . . 

Here we have introduced the decomposition t* A = <f>ds + ^dt + A, where 
A £ C°°(n x S,T*S <x> fl) with A(s,0) = A s £ £ for all s £ S 1 . We have 
also used the notation Vtf = dt<p + [*&,<p], and moreover d^ and * denote the 
differential and Hodge operator on S. Now firstly put a = 0, then we obtain 
for all ip,ip £ Cfi°(Q x E,jj) by partial integration 



< 



(dAV, 0) 

SlxE 

(*d A lPj) 
f2xS 



< (C+HVtf- V.C||L«(nxE))lklL«' ( nxE). 

< (C + ||V S £ + VtCIUnnxE)) IMIl^qxe)- 



This shows that the weak derivatives d^/3 and ds/3 are of class L q on £1 x S. 
So we have verified the assumptions of lemma 2.9 for and conclude that Vs/3 

also is of class L q . So it remains to deduce the L 9 -regularity of d s and d t on 

A- 
2 • 



S 1 x [0, A] xS from the above inequality for (p = ip = 0, namely from 



/ < 

Jf2xE 



y s a + *V t a, 0) 



< (C+||dAC + *d^||i«(nxE))l|a||L 



«'(!lxE)' 



(29) 



This holds for all a £ W 1 ' p (fl x E,T*S ® g) such that a(s, f A, •) = and 
d(s,0, •) e T/i s £ for all s £ S 1 . We now have to employ different arguments 
according to whether q > 2 or q < 2. 

Case q > 2 : 



In this case the regularity of d s and d t will follow from [W2, Theorem 1.3] 
on the Banach space X = L 9 (£, T*S <g> g) with the complex structure given by 
the Hodge operator on S with respect to the metric g s j. From (29) one obtains 
the following estimate for some constant C and all a as above: 



// 



(0, d s a + d t (*a)) 



<C\\&\ 



Li*(Cl,X*)- 



(30) 



Note that this extends to the W 1 ' 9 (ft, L q (S))-closure of the admissible a from 
above. In particular the estimate above holds for all a £ W 1,9 (£l,X) that are 
supported in and satisfy d(s, 0, •) £ T As C for all s £ S 1 . To see that these 
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can be approximated by smooth a with Lagrangian boundary conditions one 
uses the Banach submanifold coordinates for C given by [W2, Lemma 4.3] as 
before. Here the Lagrangian submanifold C C X is totally real with respect 
to all Hodge operators as before, and it is the ^'-restriction or -completion of 
the original submanifold in A°' P (T,), hence it is modelled on W^ ,q (H,g) x M m , 
a closed subspace of (see [W2, Lemma 4.2, 4.3]). However, in order 

to be able to apply [W2, Theorem 1.3], we need to extend this estimate to all 
a G W^°°(n,X*) with suppa C Q and a(s,0) G (*T A<J £)- L for all s G 5 1 . 
This is possible since any such a can be approximated in W 1,q " (ft, X*) by 
&i G C°°(Cl, X) that are compactly supported in Vt and satisfy the above stronger 
boundary condition d,(s, 0) G Ta 3 £ for ah s G S 1 . 

Indeed, [W2, Lemma 2.2] provides such an approximating sequence on with- 
out the Lagrangian boundary conditions. From the proof via mollifiers one sees 
that the approximating sequence can be chosen with compact support in Ct. 
Now for all s G S 1 one has the topological splitting X = T^ s £ ® *Ta s £ and 
thus X* = (T^r)- 1 (*T J 4 s £) _L . Since g > 2 the embedding X X* is 
continuous. This identification uses the L 2 -inner product on X which equals 
the metric *•) given by the symplectic form u> and the complex structure *. 
So due to the Lagrangian condition this embedding maps Ta s £ <—* (*T Aa C) 
and *T^ s £ (T,4 s £)- L . We write a = 7 + S and 0^=7,+ ^ according to 
these splittings to obtain j,5 G C°°(S1, X*) and 7^^ G C°°(il, X) such that 
*T A £ 3 7, ^ 7 e (T4/;) 1 - and T A C 3 5 t -> 5 G (*T A £) ± with conver- 
gence in W 1 ' 9 (Cl,X*). The boundary condition on a gives 7(4=0 = 0. More- 
over, d t j is uniformly bounded in X*, so one can find a constant C such that 
||7(s, t)\\x* < Ct for all t G [0, |A] and hence for sufficiently small e > 

ll7llL«*(six[o, e ],X') < T^ £l+ ^- 

Now let S > be given and choose 1 > e > such that ||7||L9*(si x [o,e],x*) — £ ^ 
and ||7||iyi > <!*(s 1 x[o,e],x*) ^ ^- Next, choose i G N sufficiently large such that 
IN - 7llv7 1 .9*(fi,X"') < and l ct ^ e C°°([0, §A], [0, 1]) be a cutoff function with 
h(0) = 0, h\t> £ = 0, and \h'\ < § . Then a t := /i 7i + ^ G C°°(S1, X) satisfies the 
Lagrangian boundary condition &j(s,0) G T^ s £ and approximates d in view of 
the following estimate, 

- d||^i, 9 * ( Q,x«) < IIM7. - 7)llw^*(Q,x*) + 11(1 - fr)7lUi.o*(fi,x*) 

< Il7i-7llwi.«*(n,x*) + f IN -7lli,«*(n,x*) 

+ ll7llM' 1 .<!*(S 1 x[0,e],X«) + f \h\\Li'(S 1 x[0,e],X*) 

< 6(5. 

This approximation shows that (30) holds indeed true for all a G C 1 (SI, X*) with 
suppa G n and a(s,0) G (*T As £)- L for all s G S 1 . Thus [W2, Theorem 1.3] 
asserts that (3 G W 1 ' 9 ^, X) for K := S 1 x [0, f ], and hence dj and d t f3 are 
of class L q on 5 1 x [0, — ] x £ as claimed. 
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Case q < 2 : 

In this case we cover S 1 by two intervals, S 1 = I\ U I2 such that there are 
isometric embeddings (0, 1) S 1 identifying [j, |] with I\ and I2 respectively. 
Abbreviate K := \\,\] x [0, f ] and let fT C (0,1) x [0, f A] be a compact 
submanifold of the half space HI such that K C intf2'. Then for each of the 
above identifications S 1 \ {pt} = (0, 1) one has L 9 -regularity of (3 on Vl' x S by 
assumption and of *d A £, + d A ( horn above. Now the task is to establish in both 
cases the L 9 -regularity of d s $ and d t j3 on K x E using (29). For that purpose 
choose a cutoff function h G C°°(H, [0,1]) supported in ft' such that = 1. 
Then it suffices to find a constant C such that for all 7 G C~(fi' x S, T*S <g> g) 
(these are compactly supported in int(fi') x X) 



(d sl ,h(3) 

STx£ 



<C||7||,.. 



This gives L^-regularity of the weak derivative d s (h(3) and hence of d s (3 on K x S. 
For the regularity of 9t/3 one has to replace d s ^ by dtj, then the argument is 
the same as the following argument for d s j3. 

We linearize the submanifold chart maps along (yl s ) se ( ,i) <= CD ACS) given 
by [W2, Lemma 4.3] for the Lagrangian £ C A°' q (£). Note that this uses 
the L q -completion of the actual Lagrangian in _4°' p (£). Abbreviate Z := 
W\' q (£,$) x R m and let * s ,t denote the Hodge operator on £ with respect 
to the metric g s j- Then one obtains a smooth family of bounded isomorphisms 

9 S;t : Z xZ ^L q " (£, T*S <g> g) =: X 

defined for all (s, t) G fi' by 

G s , t (Z,v,(,w) = d As ^ + j:ti^) + *s,td As C + YZi wi *s,tli(s). 

Here 7* G C°°((0, 1) x E, T*S®g) witli7 4 (s) G T As C for all s G (0,1). Abbreviate 
Z oc ._ C~(S,g) x R m C Z, then 6 M maps Z°° x Z 00 into the set of smooth 
1-forms O x (S, g). So given any 7 G Qf(^' x S, T*E® g) we have / := 07 g 
C£°(Q', Z°° x Z°°) and for some constant C 

Wf\\Li*(Q',ZxZ) < C||7|Il«*(J2',X) = ^ll7lll,9*(n'xE)- 

Write / = (/i,/ 2 ) with /i G C^ifl'^Z 00 ) and note that J* a , d s fi = due to 
the compact support. So one can solve Aq'</>i = 9 s /i by </>i G Cj^O'jZ 00 ) 
with /„, 0! = and A n /^2 - ^ s / 2 by 2 G C%°(n',Z°°). (For the C?>(£,fl)- 
component of one has solutions of the Laplace equation on every Vl' x {x} 
that depend smoothly on x G £.) Now let $ := {(pi, ^2) G C°°(0', ZxZ) and 
consider the 1-form 

a 7 := h ■ 9(-a s $ + J d t &) G C°°(0',A). 

This extends to a 1-form on 17 x S that is admissible in (29). Indeed, d 7 vanishes 
for s close to or 1 and thus trivially extends to s G S 1 . The Lagrangian 
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boundary condition is met since for all s G S 1 

d 7 (s,0) = h{s,0) • e s ,o(-5 s 0i - 9*02, -d s <t)2 + d t 4>i) G e s , (£,0) = T As £. 
So (29) provides a constant C such that for all d 7 of the above form 



/ 

Jn 



ffxS 



(j3, <9 s d 7 + <9 t (*d 7 ) ) 



< CII& 



7lli«*(0,X) 



Moreover, one has for all 7 G Cq°(0' x S, T*E ® g) and the associated /, $ and 
d 7 and denoting all constants by C 

W^-yW Li* (Q,X) < C|I'I ) IIh' 1 '9*(J2',ZxZ) < (fi',ZxZ) < C|l7lli'!*(0'xE)- 

Here the second inequality follows from A^/$ = d s f and [W2, Lemma 2.1] as 
follows. In the M m -componcnt of Z, this is the usual elliptic estimate for the 
Dirichlet or Neumann problem; for the components in the infinite dimensional 
part Y := W\ ,q (E, g) of Z (still denoted by <pi and fi) this uses the following 
estimate. For all ip G C^°(fi',y*) in the case i = 1 and for all V G C|°(0',F*) 
in the case z = 2 



J2'xS 



(0i , Aq/^i) 



Jf2'xS 

/ 



f2'xS 



(/i , d s tp) 



Now a calculation shows that 

a s d 7 + s t (*a 7 ) = /i • e(A$) + 9 S (^ • e)(-a s $ + j a t $) +a t {h- 0){d t $ - j W 

We then use A$ = d s f to obtain, denoting all constants by C, 



(h-0, 8 sl ) 



O'xS 



< 



(/3, h-e(A*) + h-d 8 e(f)) 

sr xs 

/ (/3, <9 s d 7 + a t (*d 7 )) 
in'xs 



+ C||/9||i«(n',x.)(|| - d s $ + Joft*)||i«'( n /,zxz) + 11/ ||i«'(n',zxz)) 
< C||7llL^(n' X E)- 

This proves the Irregularity of <9 s /3 (and analogously of d t /3) on S 11 x [0, j]xE 
in the case q < 2 and thus finishes the proof of theorem C (iii). □ 



Proof of theorem C (i) : 

Lemma 3.1 and the subsequent remark imply that for some constant C and for 
all (a, if) in the domain of D(a.<s>) 

\\(a,ip)\\ w i, P < C(\\D (At9) (a,ip)\\ p + \\(a,ip)\\ p ). 
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Note that the embedding W 1 ' P (X) L P (X) is compact, so this estimate 
asserts that kerZ?^^) is finite dimensional and imD^ j) is closed (see e.g. 
[Z, 3.12]). So it remains to consider the cokernel of D^ A ^y We abbreviate 
Z := LPiS 1 x Y,T*Y ® g) x ^(S 1 x F,g), then coker £> (Ai<I>) = Z/im .D (Ai<&) 
is a Banach space since iml?^ is closed. So it has the same dimension as 
its dual space (Z/imD( A ^)* = (imO^) 1 . Now let a : S 1 x Y — > S* 1 x y 
denote the reflection a(s,y) := (—s,y) on S 1 = R/Z, then we claim that there 
is an isomorphism 

(im^A.i)) 1 ker£> CT ,( A;4>) , , 

(AC) — > (/3o<T,Co<7). ^ 

Here Dw^,*) = ^(A',*') is the linearized operator at the reflected connection 
a* A = A' + <f>'ds with respect to the metric <r*g on X. Note that ker D a ,(A.<i>) 
is finite dimensional since the estimate in lemma 3.1 also holds for the operator 
D a *(A,<s>)- So this would indeed prove that cokerl?^ is of finite dimension and 
hence D A is a Fredholm operator. 

To establish the above isomorphism consider any ((3, Q £ (imD^ ^)- 1 , that 
is f3 e LP* (S 1 x y, T*y ® g) and C G i p * (S 1 x y, g) such that for all a e E 1 / 
and 93 G W 1 ' P (S 1 x Y,q) 



f (D iAt * ) {a,<p),(l3,Q)=0. 

JS 1 xY 

Iteration of theorem C (iii) implies that (3 and C are in fact W /1 ' p -regular: We 
start with q = p* < 2, then the lemma asserts W 1 ^ -regularity. Next, the 
Sobolev embedding theorem gives L qi -regularity for some q\ <E (|, 2) with q\ > 

p*. Indeed, the Sobolev embedding holds for any q\ < and | < -^—^ as 

well as p* < holds due to p* > 1. So the lemma together with the Sobolev 
embeddings can be iterated to give L qi+1 -regularity for qi + \ = as long as 
4 > qi > 2 or 2 > ^ > p*. This iteration yields g 2 € (2,4) and <? 3 > 4. Thus 
another iteration of the lemma gives W 1 ' 93 - and thus also L p -regularity of (3 
and C- Finally since p > 2 the lemma applies again and asserts the claimed 
FT ^-regularity of (3 and C- Now by partial integration 

0= / (D( A ,i>)(a,(f) , ((3,0) 

JS 1 xY 

= / (V s a - d A tp + *d A a , (3) + / {V s ip - d* A a , O 
Js 1 Jy Js 1 Jy 

= [ [(a, -V s f3-d A ( + *d A f3) + [ /<¥>,-V.C 
Js 1 iy is 1 Jy 

-[ f(aA(3)-[ f{ip,*0). (32) 
Js 1 Js Js 1 Js 

Testing this with all a E C^iS 1 x Y, T*Y ® g) C £^' p and </? e Cq 00 ^ 1 x y, g) 
implies — V s /3 - d^C + Kd^/? = and -V„C - = 0. Then furthermore we 
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deduce */3(s)\qy = for all s £ S 1 from testing with ip that run through all of 
C°°(S' 1 x S, g) on the boundary. Finally, f gl J E ( a A 0) =0 remains from (32). 
Since both a and /3 restricted to S 1 x £ are continuous paths in _4°' P (E), this 
implies that for all s G S 1 and every a G T^ s £ 

= / <a A /?(*)) = uj(a,/3(s)), 

where w is the symplectic structure on ^4°' P (S). Since T^ s £ is a Lagrangian 
subspace, this proves 0{s)\qy £ T^ a £ for all s G 5 1 and thus G -E^' p , or 
cquivalcntly o a G Ea Q(T . So (/3 o cr, ( ' o a) lies in the domain of Dwa,*)- Now 
note that ct*j4 = A o cr — (<f> o a)ds, thus one obtains (/3 o cr, C ° cr) G ker -D CT *(A.<t>) 
since 

^(A,*)(/3°^C°^ = ((-V s f3-d A C + *d A f3)oa, (-V s C-d A /3)ocr) = 0. 

This proves that the map in (31) indeed maps into ker D a * ^ ,*) ■ To see the 
surjectivity of this map consider any (0, Q G ker D a » (a,<i>) ■ Then the same 
partial integration as in (32) shows that (0 o cr, £ o cr) G (imO^ ^) 1 , and thus 
(0,() is t ne image of this element under the map (31). So this establishes the 
isomorphism (31) and thus shows that -D(a,$) is Fredholm. □ 

A Dirichlet and Neumann problem 

Throughout this paper we use various regularity results for the Laplace operator. 
For convenience these are summarized in this appendix. 

We deal with (homogeneous) Dirichlet boundary conditions and with pos- 
sibly inhomogeneous Neumann boundary conditions. Often, the equations are 
formulated weakly with the help of the following test function spaces: 

Cr(M)^{^eC ao (M)\cf,\ dM ^0}, 

C~(M) = {0eC~(M)|!$| aM = o}. 

Here and throughout this appendix let M be a manifold with boundary. We 
abbreviate A := d*d, and denote by ^ the Lie derivative in the direction 
of the outer unit normal. Moreover, we use the notation N = {1,2, . . .} and 
No = {0, 1, . . .}. The regularity theory for the Dirichlet and Neumann problem 
that is used in this paper can be summarized as follows. References are for 
example [GT] and [Wl, Theorems 2.3',3.2,D.2]. 

Proposition A.l Let k € N, then there exists a constant C such that the 
following holds. Let f G W k ' 1 ' p (M) and G G W k ' p (M) and suppose that 
u G W k ' p (M) is a weak solution of the Dirichlet problem (or the Neumann 
problem with inhomogeneous boundary conditions), that is for all ip G Cg°(M) 
(or for all tp G C™(M)) 

[ u-Ail> = [f-i/>+[ G-i>. 

JM JM JdM 
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Then u E W k+1 ' P (M) and 



\\u\\ W k+i, P < C(\\f\\ W k-i, P + \\G\\ W k, P + Hulln/fc.p). 

In the special case k = there exists a constant C such that the following holds: 
Suppose that u E L P (M) and that there exists a constant c such that for all 
i\) E Cf{M) (or for all tp E C?(M)) 



J 

JM 



Then u E W 1,P (M) and 



u ■ Aip < c||^|| w i, P -. 



||w||^i,p < C(c + ||m||lp). 



We also frequently encounter Laplace equations for 1-forms, where the com- 
ponents satisfy different boundary conditions. In these cases the following 
lemma allows to obtain regularity results for the components separately. The 
proof relies on the above standard regularity theory for the Laplace operator. 

Lemma A. 2 Let (M, g) be a compact Riemannian manifold (possibly with bound- 
ary), let k E No and 1 < p < oo. Let X E T(TM) be a smooth vector field that is 
either perpendicular to the boundary, i.e. X\qm = h ■ v for some h E C°°(dM), 
or tangential, i.e. X\g M E T(TdM). In the first case let T = Cg°(M), in the lat- 
ter case let T = C£°(M). Then there exists a constant C such that the following 
holds: 

Let f E W k ' p (M), 7 E W k ' p (M, A 2 T*M), and suppose that the l-form 
a E W k > p (M,T*M) satisfies 



[a, dn) 



M 



M 



/ (a, d*u) = / (7, uj) 

JM JM 



V77 E C°°(M), 
= d(<(> ■ i X g) ■ 



ET. 



Then a(X) E W k+1 > P {M) and 

\\a(X)\\ W k+i, P < C(\\f\\ W k, P + ||7||vv-*.p + ll"llw*.p)- 

Remark A. 3 In the case fc = 1et^ + ^- = l, then the weak equations for a 
can be replaced by the following: There exist constants c\ and c 2 such that 



/< 

JM 



[a,dn) 



M 



(a, d*d(<j>- i X g)) 



<ci|H| p . V V EC°°(M), 
<c 2 U\\ (w ^'y V^eT. 



The estimate then becomes ||o!(X)|| w i,p < C(ci + c 2 + ||a| 
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Proof of lemma A. 2 and remark A. 3 : 

Let a u G C°°(M, T*M) be an L p -approximating sequence for a such that a u = 
near dM . Then one obtains for all <j> G T 

/ a(X)-A</> = lim f / (r x a",d^>- / (t x da\ d<P}) 
Jm u ^°° \Jm Jm ) 

= lim (- [ (a v ,C x d(j))- [ ( a v , divX ■ d<j) ) 
v ^°° V Jm Jm 

-f (a" , Ly A ,Lxg) - f (da v ,L X gAdcf>)) 
Jm Jm / 

= / {a, d(-£ x <j> - divX ■</>))- f (a,d*(i X gAd<j>)} 
Jm Jm 

+ / (a, cj)- d{divX) - L Yd4> C x g) 
Jm 

= [ (f,-£ x cl>-divX.ct>)+ [ ( 7 ,d((f>-L X g)) 
Jm Jm 

-f (a,d*(4-dL X g))+ [ (a,<t>-d(dWX)-L Y ^£ x g). 
Jm Jm 

Here the vector field is given by iy A4i g — dep. In the case k > 1 further 
partial integration yields for all <f> e T 

f a(X)-A<p= [ F-4>+ [ G-<f>, 
Jm Jm Jom 

where F G W fc_1 ' p (M), G G Vt^^M), and for some constant C 

||-F||vi/ fc - 1 .j' + IIGH^fc.p < C'dl/H^fe.p + UtII VK fc .p + IMIh-^.p) • 

So the regularity proposition A.l for the weak Laplace equation with either 
Neumann (T = C£°(M)) or Dirichlet (T = C|°(M)) boundary conditions proves 
that a{X) e W k+1 ' P (M) with the according estimate. 

In the case k = one works with the following inequality: Let -p- + ^ — 1, 
then there is a constant C such that for all 6 G T 



Jm 



<C(||/|| P +||7|| P +||a|| P )||0|| w i.p-. 



(Under the assumptions of remark A. 3, one simply replaces ||/|| p and ||7|| p by 
C\ and c-i respectively.) The regularity and estimate for ce(X) then follow from 
proposition A.l. □ 



49 



References 

[Al] M.F. Atiyah, Instantons in two and four dimensions, Comm. Math. Phys. 
93 (1984), 437-451. 

[A2] M.F. Atiyah, New invariants of three and four dimensional manifolds, Proc. 
Symp. Pure Math. 48 (1988). 

[Ad] R.A.Adams, Sobolev Spaces, Academic Press, 1978. 

[Dl] S.K. Donaldson, Polynomial invariants of smooth four-manifolds, Topology 
29 (1990), 257-315. 

[D2] S.K.Donaldson, Boundary value problems for Yang-Mills fields, Journal of 
Geometry and Physics 8 (1992), 89-122. 

[DK] S.K.Donaldson, P.B.Kronhcimcr, The Geometry of Four- Manifolds, Ox- 
ford Science Publications, 1990. 

[DS] S.Dostoglou, D.A.Salamon, Self-dual instantons and holomorphic curves, 
Annals of Mathematics 139 (1994), 581-640. 

[Fl] A.Floer, An instanton invariant for 3-manifolds, Comm. Math. Phys. 118 
(1988), 215-240. 

[Fu] K.Fukaya, Floer homology for 3-manifolds with boundary I, Preprint 1997. 
http : //www . kusm . kyoto-u . ac . jp/~f ukaya/f ukaya . html 

[GT] D.Gilbarg & N.S.Trudinger, Elliptic partial differential equations of second 
order, Springer, 1977. 

[L] S.Lang, Analysis II, Addison- Wesley, 1969. 

[S] D.A.Salamon, Lagrangian intersections, 3-manifolds with boundary, and 
the Atiyah-Floer conjecture, Proceedings of the ICM, Zurich, 1994, 
Birkhauscr, Basel, 1995, Vol. 1, 526-536. 

[Ul] K.K.Uhlenbeck, Removable singularities in Yang-Mills fields, Comm. 
Math. Phys. 83 (1982), 11-29. 

[U2] K.K.Uhlenbeck, Connections with L p -bounds on curvature, Comm. Math. 
Phys. 83 (1982), 31-42. 

[Wa] F.W.Warner, Foundations of Differentiable Manifolds and Lie Groups, 
Scott, Foresman and Company, 1971. 

[Wl] KWchrheim, Uhlenbeck Compactness, to appear in EMS Lectures in 
Mathematics. 

[W2] KWchrheim, Banach space valued Cauchy-Ricmann equations with to- 
tally real boundary conditions, to appear in Communications in Contem- 
porary Mathematics. 



50 



[W3] K.Wehrhcim, Anti- self- dual instantons with Lagrangian boundary condi- 
tions II: Bubbling, in preparation. 

[Z] E.Zeidler, Applied Functional Analysis - Main Principles and their Appli- 
cations, Springer, 1995. 



51 



